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ABSTRACT 
This thesis describes a study of the dynamic behaviour of natural 
rubber both under dynamic extension and retraction, in which the 
dominant feature is the propagation of an.extensional or unloading 
wave of short duration in the specimen. For retraction, both a 
high-speed photographic and an optical method of recording have been 
used to observe the propagation of the wave. Finite waves propagate 
without dispersion in the specimen for retractions from extensions 
below 250%, while at higher extensions the wave disperses as it 
propagates. Records of the unloading wave at two separate optical 
stations provide a determination of the velocities of the individual 
strain components in the wave. The constancy of each velocity 
throughout the propagation implies that a single stress-strain 
relation suffices to.describe the response, and this provides a 
method of characterizing the material behaviour under such dynamic 
conditions where the strairi rate in the unloading wave may approach 
3 4-1 
orders of 10 - 10 s • 
In extension, a gas gun has been developed for impacting rubber 
filaments at high speeds. Impacts at 71 ms- l and 105 ms- l have been 
performed and the extensiona1 waves generated show dispersion. In 
the experimental observation time of both extension and retraction, 
i. e. up to 10 msec., viscoelastic effects in the materiai are negligible 
but there is evidence to show that such effects are present in very 
much shorter times. 
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INTRODUCTION 
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1.1 ELASTIC, PLASTIC AND VISCOELASTIC PROPERTIES OF MATERIALS 
·The deformation and fracture of materials under applied forces 
are the principal phenomena associated with the mechanical behaviour 
of materials. Because the deformation of a body resulting from 
forces applied to it depends so strongly on the size and shape of 
the body, it is convenient to describe the behaviour of a material 
in terms of the force per unit area, or stress, and relative 
displacement per unit distance, or strain. At lm{ enough values 
of applied stress, the stress-strain relation of many solids is linear 
and independent of time, as shown in Fig. 1.lCa). Furthermore, 
when the load is released, the specimen returns to its original shape. 
Time-independent deformation which disappears on release of load LS 
called elastic deformation. Elastic behaviour is described by 
Hooke's Law, which in its general form states that the stress components 
are linear functions of the strain components in the deformed body. 
The stress-strain relation describing the response of the material is 
termed the 'constitutive equation' of the material. 
Some materials, such as rubbers, exhibit a non-linear stress-
strain curve, as shown in Fig. l.lCb), but the deformation is sometimes 
considered elastic in the sense that the material returns to its 
original shape on release of the load. All other types of deformation, 
in which the removal of the applied stress does not result in almost 
instantaneous corresponding decreases of strain, are called inelastic 
deformation. 
l{hen materials are subjected to increasing stress, there may 
come a point before fracture occurs where, on release of stress, the 
specimen no longer returns to its original shape. The stress at which 
Tensile 
stress 
Tensile strain 
Fig.I.I(a) Linear elastic behaviour of steel at room 
temperature 
Stress 
Strain 
Fig.I.l(b) Nonlinear elastic behaviour of ru bber at 
room temperature 
Stress 
Strain 
Fig.I.lk) Linear elasticity followed by plasticity 
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this phenomenon begins is called the elastic limit of the material. 
For metals at low temperature, say below half the absolute melting 
temperature of the metal, the remaining deformation may be assumed 
to occur almost immediately and hence be independent of time. 
Time-independent deformation which remains on release of load is 
called plastic deformation, illustrated in Fig. l.l(c). 
For metals at elevated temperatures, and for polymers under 
most conditions, deformation continues to increase with time even 
at constant stress, and this phenomenon is termed creep. At 
temperatures and stress levels at which creep occurs, if a deformation 
is applied and held constant, a stress will develop with the 
application of the deformation and then fall off with increasing 
time. This decrease of stress is known as stress relaxation. 
Assuming the application of deformation or stress to be instantaneous, 
these two processes are illustrated in Fig. 1.2. This type of 
behaviour is characteristic of polymeric materials, which pOSsess 
properties \.hich are a combination of those of a viscous fluid and 
an elastic solid. These are known as viscoelastic materials. 
Under cyclic straining any kind of inelastic strain leads to 
a hysteresis loop on a stress-strain plot. This hysteresis loop is 
an indication of energy dissipation, or damping, and is shown in 
the stress-strain plot for rubber in Fig. l.l(b). 
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1.2 VISCOELASTICITY AND POLYMERS 
Materials such as polymers respond to external forces in a 
manner intermediate between the behaviour of an elastic solid and 
a viscous liquid, and their mechanical properties are dependent on 
the conditions of testing, such as the rate·of application of load, 
temperature, and amount of strain. A polymer can shOl' all the 
features of a glassy, brittle solid or an elastic rubber or a 
viscous liquid depending on the temperature and time scale of 
measurement. At low temperatures or high frequencies, a polymer 
. 10 11 
may be glass-like with a Young's modulus of 10 - 10 dynes 
-2 
cm and will break or flow at strains greater than 5%. At high 
temperatures or 101, frequencies, the same polymer may be rubber-
like with a modulus of 107 - 108 dynes cm-2 withstanding large 
extensions (~ 100%) without permanent deformation. At still 
higher temperatures, permanent deformation occurs under load, and 
the polymer behaves like a highly viscous liquid. It is usual to 
discuss the mechanical properties in the different temperature 
ranges separately, because different approaches and mathematical 
formalisms are adopted for the different features of mechanical 
behaviour. 
The reasons for the importance of time and temperature in the 
mechanical behaviour of polymers lie in the molecular mechanisms 
that are called into play when these materials are deformed. From 
the molecular point of view, a polymer solid consists of a mass of 
macro-molecules which may be in the form of unconnected chains, 
cross-linked chains, or networks. The chain molecules may have 
large or small side groups and in some instances will form side 
4 
branches of the main chain. In addition, polar groups are sometimes 
present, either within the chains or in side groups. On top of 
this complicated structural picture is superimposed the continuous 
agitation caused by thermal energy. Individual atoms, molecular 
segments, or side groups. and perhaps even whole molecules, are 
in constant motion. 
When a polymer is deformed there is always a certain amount 
of perfectly elastic strain, which consists of lengthening and 
shortening of interatomic and intermolecular bonds and changing 
their angles along the polymer chain. Along with this, however, 
is a whole series of configurational changes, caused by rotation 
and translation of molecular segments. These motions are hindered 
to varying degrees by the presence of atoms in the same chain and by 
neighbouring molecules. They are aided periodically by thermal 
motions, with the consequence that these molecular motions require 
varying amounts of time depending on the temperature, and continue 
to take place at an ever decreasing rate even when the deformation 
is held constant (e.g. in a relaxation experiment). During any 
deformation, rearrangements of the molecules on a local scale are 
relatively rapid, but very slow on a long-range scale where long 
sections of macromolecules have to find new equilibrium positions. 
As a consequence, there is a broad and continuous time scale covering 
the response of such a material to external stress or deformation. 
The permanent (inelastic) deformation of a polymer is associated 
with the displacement of whole molecules relative to each other. In 
thermoplastics 'this type of motion is hindered by the weak (van der 
Waals) intermolecular bonds and by other forms of interactions, 
5 
such as entanglements and the formation of crystallites; In 
cross-linked polymers it is hindered by chemical bonds which must 
be broken to permit large molecular motions. Thermal energy helps 
by activating certain processes in various temperature ranges, and 
these deformations are therefore also highly time - and temperature 
dependent. Among the works in the field of viscoelasticity, an 
excellent treatment of molecular viscoelasticity is given by Ferry 
(1970), another molecular approach by Aklonis, McKnight, and Shen 
(1972), and polymer viscoelasticity by Ward (1971). 
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1.3 PHENOMENOLOGICAL THEORY OF VISCOELASTICITY 
In the classical theory of elasticity G>.g. Love (1927), 
Kblsky (1953)J the constitutive relations for an elastic solid 
assume the strains to be small such that there are linear 
relationships between stress and strain. In linear viscoelasticity, 
where the elastic component of stress is proportional to the strain 
and the viscous stress proportional to rate of strain, the basis 
of linearity is the Boltzmann Superposition Principle (Leaderman~, 
1943). This states that in linear viscoelasticity effects are 
simply additive, as in classical elasticity; the difference being 
that in the former it matters at which instant an effect is created. 
Although the application of stress may now cause·a time-dependent 
deformation, it can still be assumed that each increment of stress 
makes an independent contribution. The three important features 
of the behaviour of a viscoelastic body are: . 
(i) the lag of the strain behind a suddenly imposed stres-.s and the 
continuous increase of this strain with time if the stress is held 
constant - this is the phenomenon of creep; 
(ii) the decay of the stress following the application of a suddenly 
imposed strain - this is the phenomenon of stress relaxation; and 
(iii) the steady phase difference between stress and strain when a 
viscoelastic body is subjected to regular sinusoidal vibration or 
oscillation. 
For many materials the instantaneous deformation produced by 
a sudden load is much greater than the subsequent creep. For 
rubbers, however, the instantaneous contribution is very much 
7 
smaller than the delayed components, which results from the 
reorientation of segments of the long chain molecules. Thus the 
experimental observations on creep can be expressed by writing the 
strain, for example the shear strain y, at a time t after the 
application of a shear stress 0 in the form 
y = 0 J(t) (1.1) 
where J(t) is known as the (shear) creep compliance. Conversely; 
if the strain is suddenly increased from zero to the constant value of 
y, the course of the ensuing stress is represented by 
o = y G(t) (1.2) 
where G(t) is the stress relaxation modulus. 
Applying Boltzmann's superposition principle that responses 
to different stresses or strains applied at different times .are 
simply additive, Eqns. (1.1) and (1.2) may be generalized thus: 
yet) rt do - J~ -, J(t - ,) dT aT (1. 3) 
and 
er (t) = ft ~~ G(t - T) dT J_ro (1.4) 
While all materials are linear for infinitesimal strain, rubber~ 
like materials may be linear up to strains .of 10% or even higher 
depending on the materials and actual strain system involved, and 
the Boltzmann superposition principle is one of the simplest but 
most pm.erful principles of polymer physics. 
The Boltzmann superposition principle is one starting point 
for a theory of linear viscoelastic behaviour and is sometimes 
8 
·called the 'integral representation of linear viscoelasticity' , 
because it defines an integral equation. An equally valid starting· 
point is to relate the stress to the strain by a linear differential 
equation, which leads to a differential representation of linear 
viscoelasticity. In its most general form the equation has the 
form 
PO'=Qe: (1.5) 
where P and Q are linear differential operators with respect to 
time. This representation has been found of particular value in 
obtaining solutions to specific problems in the deformations of 
viscoelastic solids (Lee, 1960). 
Most generally the differential equation is 
A a + A 
o 1 
dO' 
-- + A dt 2 
dE + B 
dt 2 + ••• 
(1. 6) 
It is often adequate to represent the experimental data obtained 
over a limited time (or frequency) scale by including one or two 
terms on each side of this equation. This is equivalent to 
describing the viscoelastic behaviour by mechanical models 
constructed of elastic elements which obey Hooke's law and viscous 
dashpots which obey Newton's law of viscosity. 
The simplest of these models are the Maxwell model, comprising 
a single elastic spring and viscous dashpot in series, for stress 
relaxation representation; and the Kelvin-Voigt model, consisting 
of the same two elements but in parallel, for creep. However, these 
models represent the behaviour of viscoelastic solids 1n a very 
limited range of frequency and for more realistic representation, 
9 
a series of these models are often used. Thus for creep, it is 
convenient to represent the material as in Fig. 1.3(a). Then on 
application of a constant stress 
each element will be determined by 
o 
o 
E. 
1 
= E. + 'T. Co 
111 
o , the course of the strain in 
o 
(1. 7) 
where T. = n./E., the proportionality constant between E. and n. 
111. 1 1 
f h . th 1 . k h d·· f h 1 o t e 1 e ement, 1S nOtffi as t e retar at10n tl.me 0 tee ement. 
This may be solved to give the creep of the mechanism as 
£. (t) 
1 
= 
o 
o (1 - e E. 
1 
(1.8) 
T. is thus a measure of the time by which the strain 1S delayed or 
1 
retarded after the initial application of the force. The complete 
material behaviour may now be represented by a ladder arr.angement of 
these elementary building units as in Fig. 1.3(a): the particular 
viscoelastic character of the material will be determined by the 
relative number of units with short or long retardation times. More 
precisely, the material is specified by the distribution of its 
retardation times. If the elements are numerous enough to be treated 
as a continuous distribution, and if L(T) d(log T) represents the 
fraction of elements whose retardation times have logarithms between 
log T and tog T + d(log T), the creep function ot the material will 
from equation (1.8) be 
-tIT (1 - e ) d(log T) (1. 9) 
~I 
I 
I 
(c) 
Fig.I.3 !Mechanical models for (alcreep and (b) stress relaxation 
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The complete function L(,) thus defines the intensity of the 
retardation times of the material over the whole possible range 
and is called the retardation spectrum of the material. 
Similarly, the relaxation behaviour may conveniently be 
represented by a model as in Fig. 1.3(b) and in turn be defined by 
a function H(,), the relaxation function, related to the stress 
relaxation modulus G(t) by 
G(t) -tj, e d(log ,) (1.10) 
Although the relaxation and retardation spectra are -not-directly 
observable functions, they are useful in defining viscoelastic 
behaviour because treatments of viscoelasticity based on an assumed 
molecular mechanism generally lead to a time-distribution function, 
so that interpretation of any directly measurable parameter in terms 
of material structure is only possible in terms of the distribution 
function. - For practical purposes, hm,ever, the logical way of 
recording viscoelastic behaviour is in terms of one of the directly 
measurable functions. 
Consideration of sinusoidal deformation of a viscoelastic 
material leads to another tt,o relations given by 
J~ 2 2 E' w , H(,) d(log ,) .r': = (1 + w 2 ,2) 
(1.11) 
E' , [ w, H(,) d(log ,) = T2) 2 (1 + w 
where E', E" aTe called the storage and loss modulus respectively, 
11 
* being components of the complex dynamic modulus E , where 
* E = E' + iE", and w is the frequency of the alternating stress 
or strain perturbation. The storage and loss moduli are not 
independent quantities but are alternative measurable functions 
each related to the same time-distribution function H(T). Another 
experimentally important parameter is the ratio of the loss modulus 
to the storage modulus in a sinusoidal experiment·. and this is 
expressed by 
tan <I E" (1.12) = 
E' 
where <I is the angle by which the strain lags behind the stress. 
This quantity tan <I is a very useful measure of the anelasticity 
or hysteresis of the material. 
The relaxation-time spectrum can be calculated exactly from 
measured stress relaxation modulus using Fourier or Laplace transform 
methods, and similar considerations apply to the retardation-time 
spectrum. The inter-relationships between the various viscoelastic 
functions and their inter-derivations are comprehensively detailed 
by Ferry (1970), and also by Ward (1971). 
It is important to recognise that the relaxation-time spectrum 
and the retardation-time spectrum are only mathematical descriptions' 
of the macroscopic behaviour and do not necessarily have a simple 
interpretation in molecular terms. It is a quite· separate exercise 
to correlate observed patterns in the relaxation behaviour such as a 
predominant relaxation time, with a specific molecular process. ·Quite 
often, qualitative interpretations in general molecular terms can be 
obtained from the experimental data direc tly, .wi thout recourse to 
calculation of the relaxation-time spectrum or the retardation-time 
spectrum. 
12 
1.4 TIME-TEMPERATURE SUPERPOSITION 
In the phenomenological treatment of mechanical behaviour 
above it was assumed that the directly measurable response functions 
were considered at a constant temperature. The question arises as 
to the possibility of giving a quantitative expression to the fact 
that increasing the rate (or frequency) of a mechanical test at 
a given temperature has the same effect as decreasing the 
temperature while keeping the rate constant. This apparent equivalence 
is best demonstrated by, for example the variation of the real part 
of the complex modulus with temperature or frequency as shown ~n 
Fig. 1.4. The molecular motions corresponding to each region are 
discussed in any standard text. 
As the response functions are all derivable from the time-
distribution function, the problem can be treated solely in terms 
of the temperature-dependence of the relaxation or retardation 
times, as appropriate. Now it can be seen from expressions such 
as (1. 9) or (1.11) that the characteristic times T. appear only in 
~ 
the form of a product with frequency (WT .) or of a ratio with time 
~ 
(t/T.) : it follows that the effect of a given change in t or W can 
~ 
only be simulated by an equal proportional change in all of the T. 's, 
~ 
so that, if this is to be produced by a change in temperature, the 
T. 's must all have the same temperature-dependence. 
~ 
Suppose, then, that the relaxation times all increase by a 
factor aT on passing from an arbitrary reference temperature Ts to 
a temperature T. The temperature-dependence of the viscoelastic 
behaviour can then be defined by the variation o£ aT with temperature 
T. This can be obtained from measurements.of any response function 
LogG' 
secondary 
transition 
glassy 
Tg 
primary 
(glass) 
transition 
rubber 
_Logw 
cross-linked 
1 
LogT-
Fig.I.4 Dependence of shear modulus G' on temperature and frequency 
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(e.g. E') as a function of time (or frequency) and temperature. 
A translation of (-log aT) on the log (frequency) axis will transform 
data at any temperature T into the corresponding values at the 
reference temperature T. Hence the changes in log w necessary 
s 
to produce a single curve are the required values of log aT. As 
Williams, Landel, and Ferry (1955) have sholvu, if the correct choice 
of T is made, aT' is a function of general applicability to 
-s 
amorphous polymers. 
form 
= 
With this value of T the function takes the-
s 
8.86 (T- - T ) 
s 
(101.6 + T T ) 
s 
(1.13) 
The absolute value of T may be obtained from the experimental data 
s 
as a fitting constant for Eqn. (1.13); alternatively, if the value 
of the glass-transition temperature T is known, T may be taken g s 
approximately as T g 
o 
+ 50 c. 
The molecular theories of viscoelasticity suggest that, in 
addition to the horizontal shift along the log (frequency) axis, 
there should be an additional small vertical shift factor T p ITp 
s s 
in changing from the actual temperature TOK (at density p ) to the 
s 
reference temperature TOK (at density p). The physical meaning 
s s 
of this vertical correction factor is that the molecular theories 
suggest that the equilibrium modulus changes with temperature in the 
transition range in a manner according to the theory of elasticity 
(Treloar, 1958), such that the modulus of a rubbery network is_ 
directly proportional to the absolute temperature. Similarly, since 
the volume of a polymer is a function of temperature and the modulus, 
a corresponding correction must be made, and this is effected through 
14 
the density correction factor. In practice the correction factor 
T P ITp has a very small effect in the viscoelastic range of 
s s 
temperatures compared with the large changes in the viscoelastic 
behaviour. Thus it is usually adequate.to apply a simple horizontal 
shift on the frequency scale only. The equation (1.13) is known 
as the 'WLF equation' and is a useful expression for predicting 
material behaviour at frequencies well outside experimentally 
accessible ranges. However, the criteria for its application and 
subsequent interpretation of data, especially at the extremes, 
should be carefully examined (Ferry, 1970). 
15 
1.5 RUBBER-LIKE MATERIALS 
Certain polymers possess rubber-like properties (extensibility 
to few hundred percent) at ordinary temperatures. A typical stress-
strain curve for such a rubber is shown in Fig. 1.5, the maximum 
extensibility normally falls within the range 500 to 1,000 per cent. 
The high elasticity property is not a special characteristic of any 
particular chemical type of substance, but rather as a result of a 
particular type of molecular structure. Basically the requirements 
are: 
(i) the molecules must be very long (chain-like) and flexible and 
there must be free rotation about most of the bonds joining together 
neighbouring chain atoms. 
(ii) the molecules must be attached at some places by either 
permanent chemical bonds or linkages or by mechanical entanglements, 
and 
(iii) apart from the cross-links the molecules must be free to 
move readily past one another, i.e. the intermolecular forces (van 
der Waals forces) must be small. Rubber, whether natural or synthetic, 
in its raw state, has few or no permanent chemical cross-links although 
there may be sufficient cross-links formed by mechanical entanglements 
to give it a certain degree of elasticity. Vulcanization is the 
process by which permanent cross-links are introduced to improve 
the elastic properties. 
Unlikelow-molecular compounds, polymers of very high molecular , 
weights do not usually form molecules containing a uniquely determined 
number of atoms. Instead the molecular weights, or chain lengths, 
are distributed in a statistical manner about a mean value, which 
32 
Nominal 
stress 
kg/cm2 
24 
16 
200 400 600 800 
Extension, 0/0 
Fig.I.5 Typical force-extension curve for vulcanized 
rubber 
........ 
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·1n the case of natural rubber is about 3S0,000. This means the 
rubber chain contains, on the average, about SOOO isoprene 
(CSHS) units. 
The theory of rubber-like elasticity has been developed over 
the last three decades to explain the observed elastic qualities 
of rubber-like substances. T"o major advances have led to the 
present understanding of the phenomenon. The first stems from 
Staudinger's (192S) "ork "hich made plain the long chain polymeric 
nature of rubber molecules, and the second "as Meyer, von Susich 
and Valko's (1932) recognition that the flexible rubber molecules 
take up irregular and statistically random configurations under 
thermal motion. On deformation the molecules are straightened, 
"ith a decrease in entropy and the exertion of a retractive force 
on the ends of the molecular chains. Meyer and Ferri (193S) found 
that the retractive force increased nearly proportionally to the 
absolute temperature, and fr·om a simple thermodynamic analysis 
sho"ed that the force is associated primarily "ith a change in 
entropy on stretching and that changes in internal energy are 
relatively small. This observation ·confirms earlier hypothe.sis 
that the force results from thermal motion of the molecules and 
that changes in interatomic and intermorecular forces are of minor 
importance. A detailed development of this concept and its 
application to a cross-linked net«ork of rubber molecules by Guth 
and James (1943), Hall (1942) and Flory and Rehner (1943) provides 
the basis of the statistical theory of rubber-like elasticity. 
The second advance was the development of a general theory of 
elasticity applicable to large deformations. This development was 
17 
due primarily to Rivli.n (1948), who showed that a vari"ty of 
problems involving large deformations can be solved without·any 
recourse to any assumptions about the particular elastic Im<s obeyed 
by the material other than that it should be perfectly elastic and 
isotropic . 
. These theories, their basis and application, have been described 
in general excellent reviews, notably by Treloar (1958), Flory (1953) 
and Rivlin (1956); and the present state of the situation is reviewed 
by Treloar (1974). 
18 
1. 6 .CONCLUSION 
The fundamental dependence of the mechanical behaviour of 
viscoelastic materials such as rubbers and plastics on temperature 
and frequency (or time) make it necessary to carry out tests on 
their properties over large ranges of temperature and time. For 
this purpose, different experimental techniques are necessary as 
demonstrated in Fig. 1.6, ,,,here it can be seen that dynamic tests 
occupy an important significance, and at the highest frequencies 
stress waves are generated in the materials and wave propagation 
techniques form an important part of dynamic tests. The propagation 
of stress waves in solids in general and in viscoelastic solids in 
particular are discussed in the next chapters. 
Before concluding this introductory chapter, a brief mention 
should be made of non-linear viscoelastic behaviour. In many 
practical applications of plastics, although the ultimate strains 
produced are recoverable, the viscoelastic behaviour. does not satisfy 
the tests of linearity required by the Boltzmann superposition 
principle. In the first instance, there is the restriction of this 
representation to small strains because the definition of strain and 
superposition of strains does not apply at large strains. This 
limitation applies in particular to studies on synthetic textile 
fibres where one may be interested in strains of at least 10% or 
in elastomers where the strains may be as high as 100%. 
Secondly, although the experiments are restricted to small 
strains, it may still be that linear viscoelastic behaviour is not 
obtained. In. this connection it is quite usual to observe linear 
viscoelastic behaviour at short times at given stress levels, but 
.-
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for the behaviour to be markedly non-linear for long times at 
the same stress levels. 
There is not at present a representation of non-linear 
viscoelasticity which gives an adequate description of the behaviour 
and provides some physical insight into the origin of this behaviour. 
The var~ous attempts to deal with the behaviour are outlined by 
Ward (1971) and a more comprehensive account given by Lockett (1972). 
CHAPTER 2 
WAVE PROPAGATION IN SOLIDS 
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2.1 STATIC AND DYNANIC PROPERTIES OF W,TERIALS 
The study of the mechanical properties of materials such as 
metals, glass, plastics,· and rubbers are of fundamental importance 
to their practical applications, and it is of interest to the 
engineers, the material scientists, physicists, besides others. 
Only through a proper understanding of their basic properties can 
the expected· behaviour of these materials under service conditions 
be predicted with confidence, especially so with viscoelastic 
materials such as plastics and rubbers with th,,;r many varied 
behavioural phenomena such as creep, relaxation, and flow. The 
deformation and fracture of materials under applied forces are the 
principal phenomena associated with the mechanical behaviour of 
materials. Other phenomena that may interact with these are thermal, 
electrical, magnetic, chemical, and optical effects. These 
interactions and effects depend on the structure of the material. 
By far the most important aspect of material behaviour to the 
engineer are mechanical properties such as strength, elasticity, 
ductility, creep, hardness, etc., all of which are some manifestations 
of the behaviour of the material under the action of applied forces 
or loads. 
The investigation of the mechanical properties of materials 
under applied forces or deformations may be broadly classed under 
two types: the behaviour under 'static' or 'quasistatic' condition 
in which the time of measurement of property is much longer than the 
time of application of force or deformation and the material is, for 
all purposes, considered under equilibrium conditions; and the 
behaviour under 'dynamic' loading conditions where the material is 
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subjected to time-varying forces such as in vibration transmissions, 
shocks, and impacts. IVhile static tests are fairly well standardized 
and interpretations of the observed mechanical behaviour on a 
molecular or structural scale are well-established, the dynamic 
behaviour, particularly under conditions of very high rates of 
loading, with associated phenomena such as fracture and rupture, 
presents a more difficult problem. Further, viscoelastic materials 
show different mechanical behaviour under different time scales 
(or frequency scales) of tests and temperature ranges, and dynamic 
tests afford a powerful technique for the study and better 
understanding of the fundamental mechanisms responsible for the 
observed properties. 
At very high loading rates stress waves are generated in the 
material under test, and the only way by which the properties of 
the materials under such dynamic conditions can be studied is by 
observation and measurement of the waves. Stress wave techniques 
thus form an integral part of dynamic test of materials, and a 
brief account of the theory of stress waves in materials is given 
below. 
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2.2 ELASTIC, PLASTIC, AND VISCOELASTIC WAVES 
The theory of the propagation of elastic waves was developed 
during the last century. The more recent development of materials 
such as rubbers and plastics has led to an increased interest in 
the theory of the mechanical behaviour of imperfectly elastic solids 
under dynamic condition. Stress waves provide an important method 
for studying the dynamic properties of these substances at high 
rates of loading. 
The effect of a change in the stress distribution in a deformable 
body is propagated by stress waves, and in analysing the stress (or 
strain) at a given point, it is convenient to distinguish between 
two phases: (a) The initial, transient phase, ,,,hen the stress is 
determined by the arrival of the stress ",aves and (b) the final, 
steady-state phase when the stress has reached its static or 
quasistatic value. The accurate evaluation of the stress in the 
transient phase is usually very difficult because of the complexity 
of the equations involved, and complete solutions for impulse loads 
of knot>ll time history have been obtained in only a few instances. 
In some cases, simplifying assumptions have been introduced; in 
others, all that is available is the exact solution for infinite 
trains of sinusoidal waves, and even this is lacking for simple 
systems such as beams of square or rectangular cross section. 
Stress waves may be divided into three general classes': 
(a) Elastic waves, in which the stresses are such that the medium 
obeys Hooke's Law and frictional stresses are negligible; 
(b) Viscoelastic waves, in which frictional stresses act in 
addition to elastic, Hookean stresses; 
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(c) Plastic "aves, in which the medium 1S stressed beyond the 
elastic limit. 
A fluid medium cannot sustain shear stresses and only one type 
of wave can be.'propagated through it, the velocity of which is given 
I 
by (K/p)2, "here K is the bulk modulus of the fluid and p its density. 
In extended isotropic solids, ho"ever, two types of elastic "aves 
may be propagated. 
velocity [(K + 
These are waves of dilatation "hich travel with 
the being the rigidity modulus; and 
I 
"aves of distortion "hich travel "ith the velocity (~/p)2. Dilatational 
"aves involve no rotation and the particle motion is in the direction 
of propagation (i.e. longitudinal waves). Distortional "aves, on 
the other hand, involve no dilatation and the particular motion 
is perpendicular to the direction of propagation (transverse waves). 
When a solid medium is deformed, both dilatational and distortional 
"aves "ill normally be produced, and .when a wave of either type 
impinges on a boundary of the solid, ,·mves of both types are generated. 
In addition to the above types, where a medium is bounded, elastic 
"aves of another kind may propagate along the surface of the solid. 
These are knmm as Rayleigh waves. Their magnitude decreases 
exponentially with depth from the surface, and their velocity, "hich 
depends on the value of Poisson's ratio, is always less than that 
for a shear "ave. Rayleigh waves are of considerable importance 
in seismology. 
Whenever the stress in the solid exceeds the elastic· limit, 
plastic "aves may be produced. Shock waves may also be generated 
"henever the stress-strain relation of the solid ceases to be linear 
and are formed as a result of the velocity of propagation of large 
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disturbances being greater than that of small ones. Under these 
conditions any pressure pulse, on passing through the medium, develops 
a steeper and steeper front, and the thickness of this front is 
ultimately determined by the molecular constitution of the medium. 
Those materials generally classified as viscoelastic materials 
are strongly time-dependent in their mechanical behaviour and in 
such anelastic solids, so-called viscoelastic waves can propagate. 
Under certain circumstances, because of the unique increase of 
slope of the stress-strain relation at high extensions, tensile 
shock waves may be generated in these materials. 
Real solids are never perfectly elastic; so that when a 
disturbance is propagated through them some of the mechanical energy 
is converted to heat, and several different mechanisms by which 
this takes place has been collectively termed 'internal friction'. 
l.Jhen a solid is taken through a stress cycle, the stress-strain 
curve for decreasing stresses does not retrace its upward path 
exactly. Even when the magnitude of this effect is negligible for 
static loading, it may be an·important factor in the attenuation of 
a stress wave, since in the passage of a pressure pulse through a 
material each layer in turn is taken through a cycle, whilst for 
sinusoidal vibrations the number of hysteresis cycles will depend· 
on the frequency, and may be of the order of millions per second. 
The velocity gradients set up by the stress wave results in a 
second type of loss, associated with the viscosity of the material. 
The internal friction present in any material will result in 
the dispersion of the stress pulse propagating through it. Dispersion 
manifests in the distortion and attenuation of the pulse as it travels 
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1n the medium. Detailed accounts of the theory of elasticity are 
given by Love (1927), among others, and a more recent review by 
Kolsky (1953). Reviews by Davies (1953, 1956) give the essential 
features including discussions on dispersions of stress pulses in 
both elastic and viscoelastic media. 
2.2.1 Elastic Waves. 
(a) Extended media. 
The equations of motion of an isotropic elastic medium will 
be derived in terms of the particle displacements and it will be 
shown that these equations correspond to two types of waves which 
can be propagated through an extended elastic solid. The two types 
above 
of waves are the,mentioned dilatational and distortional waves. 
The components of stress in a body can be defined by considering 
the forces acting on an infinitesimal cubical volume element, Fig. 2.1, 
whose edges are parallel to the coordinate axes x, y, z. In 
equilibrium, the components acting on the faces of the cube are 
o , 0 , 0 , 0 , 0 , etc., the first letter in the suffix 
xx yy zz xy xz 
denoting the direction of the stress and the second letter defining 
the plane in which it is acting. In the absence of body torques, 
the total torque acting on the cube must be zero, and taking moments, 
it may be shown that for· equilibrium 0 = 0 , 0 = 0 ,and 
xy yx xz Zx 
o = a ,so that only six independent components of stress remain. yz zy 
If we know six components of stress at a given point the stresses 
acting on any plane through this point may be calculated. 
The displacement of any pOint.P l , Fig. 2.2, in the body may 
be resolved into its components u, v, and w, parallel to the x, y, 
and z axes {Cartesian - coordinate axes chosen in the undeformed 
Z 
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x 
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. Fig.2·2 The displacements produced by deformatioll 
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state) so that if the point 1n the undisplaced position has 
coordinates (x, y, z), they become (x+u, y+v, z+w) on deformation. 
In defining the strains we are not interested in the displacement 
or rotation but in the deformation. The latter is the displacement 
of a point relative to adjacent points. Consider a point P2 , very 
close to PI' which in the undisplaced position had coordinates 
(x+dx, y+dy, z+dz) and let the displacement which it has undergone 
has components (u+du, v+dv, w+dw). The quantities required are 
then du, dv and dw, the relative displacements. 
If dx, dy and dz are sufficiently small, i.e. infinitesimal. 
du 
dv 
au 
ax 
av 
ax 
au dx +-
ay 
dx + av 
ay 
au dy + - dz 
az 
dy + av dz 
az 
aw d 
- x 
ax 
aw 
+- dy 
ay 
+ aw dz 
az 
Thus, if the values of the nine quantities au 
ax' 
, 
au 
ay' ••. etc. are 
known, the relative displacement of all surrounding points may be 
found. For convenience these nine quantities are regrouped and 
denoted as follows: 
au E ; 
xx ax 
aw av 
£ = + yz ay dZ 
av E ; 
yy ay 
E 
zx 
au aw 
+-az ax 
E 
ZZ 
aw 
dz 
av au ; + 
Exy ox ay 
iw = 
x 
aw 
ay 
av 
az iw y 
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= 
au 
az 
aw 
ax 2w z 
The first three quantities E ,E ,E correspond to the 
xx yy zz 
fractional expansions or contractions along the x, y, z ~xes of 
an infinitesimal element at PI. The second three quantities 
E ,E ,and E correspond to components of shear strain in yz zx xy 
the yz, zx and xy planes respectively. The last three quantities 
w
x
' wy ' Wz do not correspond to a deformation of the element at 
PI' but are the components of its rotation as a rigid body. 
The most general linear relationship between stress and strain 
is obtained by stating that each of the six components of stress is 
at any point a linear function of the six components of strain. 
This relation is true within the elastic range of the·material and 
is known as the generalized form of Hooke's law. A typical relation 
between the stress and strain is now written: 
O"xx E xy 
with similar relations for the rest of the stress components. The 
coefficients Cll' C12 '·.· are the elastic constants of the material. 
The existence of a strain-energy function (Love, 1927) provides the 
relationship C pq C and reduces the number of independent qp 
coefficients from 36 to 21. In an isotropic solid only two independent 
constants remain. These are denoted by A and ~,where 
A + 2~ 
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and the other twenty-four coefficients are all zero. The 
generalized Hooke's law may nm. be written: 
a = At:. + 211E: a = At:. + 211E: 
xx xx 
a yy At:. + 211E: yy zz ZZ 
(2.1) 
a = llE: yz yz a = llE: ZX ZX a = llE: x:y xy 
where t:. = E: + E: + E: ;. this represents the change in volume 
xx yy zz· 
of a unit cube and is called the dilatation. 
The two elastic constants, A and ll, are known as Lame's 
constants, and they completely define the elastic behaviour of 
an isotropic solid. For convenience, hO\\7ever, four elastic constants 
are normally used. These are Young's modulus E, Poisson's ratio v, 
the bulk modulus K and the rigidity modulus ll. Using equation 
(2.1) E, v, and K may be expressed in terms of A and ll.· E may 
be defined as the ratio between the. applied stress and the fractional 
extension, when a cylindrical or prismatic specimen is subjected to 
a uniform stress over its plane ends and its lateral surfaces are 
free from constraint. This gives: 
E = II (3A· + 211) A.+ II and v = 2(A + ll) 
where Poisson's ratio v is defined as the ratio between.the 
lateral contraction and the longitudinal extension, the lateral 
surfaces again being free. The bulk modulus K is defined as the 
ratio betl'een the applied pressure and the fractional change in 
. volume when the solid is subjected to uniform hydrostatic 
compression, and can be shown to be: 
K = + 2)l 3 
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The shear modulus or rigidity )l, is given by the last three 
equations of (2.1). 
In order to obtain the equations of motion for an elastic 
medium we consider the variation in stress across a small 
parallelepiped with its sides parallel to a set of rectangular 
axes (Fig. 2.3) . Neglecting body forces such as gravity, Newton's 
second law of motion gives, after simplification, 
·2 aa aa aa a u xx 
+ ~ + xz p = 
at 2 3x ay az 
a
2
v 
aa aa aa 
p 
-2 ----E + -YL + ----E 
at ax ay az 
(2.2) 
a
2
v 
<la <la rla 
zx 
+ -----E.. + zz P 
-2 ax ay az at 
where p 1S the density of the element, and u, v, ware 
displacements in the x, y, and z directions respectively. 
Equations (2.2) hold whatever the stress-strain behaviour of 
the medium. For the elastic isotropic case, with equations (2.1), 
we have: 
a a a 
- (All + 2)lE ) + - ()lE ) + - ()lE ) 
- ax xx ay xy az xz 
which gives: 
all 2 (A + )l) - + )lV u 
ax 
(2.3) 
(2.4) 
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Fig.2·3 Stresses acting on a small rectangular parallelepiped 
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"here the operator ,l . 1S ",ritten for: 
[L 32 32 ) + -2 +--
ax
2 
ay az2 
Similar relations to (2.4) hold for displacements v and "'. 
Differentiating both sides of equation (2.4) with respect to x 
",e have: 
(2.5) 
This is the wave equation of the isotropic elastic solid and shows 
that the dilatation f1 is propagated through the medium .,ith 
velocity 
If on the other hand, .,e eliminate f1 bet.,een equations 
(2.4) involving v and., and subtracting after differentiation, .,e 
have: 
2-
a '" x 
p at2 
2-\lV' ., 
x 
(2.6) 
.,here ., is the rotation about the x-- axis. Thus the rotation 
x 
1 
is propagated .,ith velocity (\lIp)'. 
It may be sholi'll that in the interior of an elastic solid .,aves 
may be propagated as dilatational and distortional waves and that 
any plane wave propagated through an isotropic elastic medium must 
travel ",ith one or other of these velocities. These t",o -are ",aves of 
dilatation .,ith velocity of propagation 
! 
of distortion of velocity (\lIp)'. 
and waves 
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l{here there is a boundary, elastic surface waves may also 
occur. These are known as Rayleigh "aves and their effect decreases 
rapidly "ith depth, and their velocity of propagation is smaller 
than that of body waves. 
(b) Bounded Elastic Media. 
In the preceding discussion the equations for an isotropic 
solid medium were obtained in terms of the displacements. In theory 
the-propagation of stress waves in any bounded isotropic solid can 
be derived by solving the equations for the appropriate boundary 
conditions. However, from treatments of reflections of plane elastic 
waves at a plane interface QColsky (1953), Macelwane and So~on (1936)J, 
the problem becomes complicated where there are several free surfaces 
and except for the very simplest cases, no exact solutions have been 
obtained. 
The case most often considered is the propagation of one-
dimensional plane waves along a cylindrical bar the length of which 
is large compared with the diameter. The equation of motion may 
be obtained as: 
= (2.7) 
where u 1S the displacement of an infinitesimal element of length 
dx in the x direction and E is Young's modulus. This equation 
corresponds to the propagation of longitudinal waves along the 
! 
bar with velocity c = (El p) 2. The above treatment is only 
o 
approximate due to the assumption that plane transverse sections 
of the rod remain plane during the passage of the stress waves, 
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i.e. lateral effects are negligible. Lateral motion becomes 
important when the operative wavelengths are of the' same order as 
the diameter of the bar. Since the velocity of propagation c is 
o 
independent of frequency of the stress waves, a stress pulse whose 
operative Fourier Components have wavelengths long compared with 
the diameter of the bar will travel down it without dispersion. 
When such a pulse reaches the free end of the bar it can be shown 
to be reflected but with an opposite sign to the incident pulse. 
Thus a compression pulse will be reflected as a pulse of tension, 
while at a fixed boundary the compressive pulse is reflected as a 
pulse of compression. 
An exact solution for the case of an infinite cylinder was 
given by Pochhammer (1876) and Chree (1889). The Pochhammer-Chree 
theory employs cylindrical polar coordinates (r, e, z) and considers 
the propagation of longitudinal, torsional and flexural vibrations. 
The case most commonly treated is that of the propagation of 
longitudinal sinusoidal waves in bars and cylinders and an important 
characteristic of the propagation is the phenomenon of dispersion. 
Solutions of the Pochhammer-Chree equations show that for wavelengths 
large compared with the radius of the cylinder, the velocity of 
I 
propagation is that given by the elementary theory, (E/p)', and 
the wave suffers., no dispersion. For sinusoidal vibrations whose 
wavelengths are comparable to the radius, considerable dispersion 
of the wave occurs as a consequence of the'lateral motion of the 
cylipder. The solution may be expressed as a frequency equation, 
which has multiple roots corresponding to the various possible modes 
of vibration in the cylinder, and which yields the phase velocity 
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and group velocity as a function of a/I\., I>'here a is the radius of 
the cylinder or bar and I\. the I>'avelength. The above treatment 
applies to infinitely long cylinders, and for the case of finite 
bars and cylinders "here reflections are possible from the ends, 
approximate solutions are required. 
The elementary theory of the propagation of elastic·disturbances 
along a cylindrical bar predicts that dispersion "ill occur with 
flexural pulses, whilst longitudinal and torsional pulses will be 
propagated along a bar ,~ithout change in form. 
The Pochhammer-Chree treatment shm~s that the velocity of 
propagation of longitudinal sinusoidal waves depend on their 
"avelength, and it is only when torsional "aves are travelling in 
their fundamental mode that dispersion is absent. This theory also 
sho"s that for all three types of "aves the elementary theory applies 
only when the wavelength is large compared with the radius of the 
bar. The results of the exact theory cannot be readily applied to 
the propagation of a single pulse, since such a pulse can only be 
analysed into sinusoidal components in terms of a Fourier integral, 
"hich is generally intractable. 
Davies (1948) has treated the case of a longitudinal pulse 
in terms of the exact theory in two ways. One method he has 
employed is to consider the propagation of a periodically repeating 
pulse. Such a repeating pulse can be analysed into a Fourier Series 
and the velocity of propagation appropriate to each term of the 
series may be formed from the curve for phase velocities. The 
second treatment used was Kelvin's method of stationary phase. 
This method treats the propagation of an infinitely thin pulse of 
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infinitely large amplitude. Such a pulse can be expressed as a 
Fourier integral, and may be regarded as having being produced by 
the superposition of sinusoidal stress waves covering a spectrum 
of wavelengths. All the wave -trains are taken to be of equal 
amplitude, and considered to be in phase at the origin and to 
cancel out everywhere else, at time t = O. The stress distribution 
at any subsequent time may then be investigated from the curves of 
group velocity. 
By these methods Davies has shown that a longitudinal pulse 
,,,hose original length is comparable with the radius will become 
distorted on travelling down the bar, and the main pulse will be 
follo"ed by a train of oscillations of high frequency. He has 
confirmed these results experimentally, and. has shown that they may 
be predicted from the approximate equations for longitudinal waves 
"hich alloHs for the effects of lateral inertia. 
2.2.2 Viscoelastic Waves. 
When stress "aves are propagated through viscoelastic solids, 
they not only suffer distortion but are also attenuated as they 
travel along the solid. The connection between the dispersion and 
the nature of the internal friction causing it and how wave 
propagation studies can be used to reveal the dynamic properties "ill 
be discussed in more detail in the next chapter. 
2.2.3 Plastic Haves. 
The propagation of stress waves in perfectly elastic media 
has been considered. For stresses greater than the elastic limi~, 
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the general proble~ of the propagation of stress in a non-linear 
medium is an extremely difficult one, and solutions have been 
obtained only in a few special cases. 
The problem of plastic wave propagation along 'a wire has 
been considered independently by Taylor (1946), von Karman and 
Duwez (1950), and Rakhmatulin (1945). Taylor used the coordinates 
of Euler in his consideration while von Karman and Rakhmatulin 
used Lagrangian coordinates, but both treatments may be shown to 
give the same result when suitable transformation of the notations 
are made. The theories assume the stress-strain relation of the 
solid to be independent of time, i.e. a = a (£), where a is 
the stress and £ the strain. The essential features of the 
solution consists of the following:- An initial wave front 
travelling ,,,ith the elastic wave velocity, followed by a region 
of variable strain where the velocity of propagation of individual 
strain level is given by the corresponding slope of the stress-strain 
1 
curve at that strain, i.e. c(£) ,= [(da/d£)/p] 2, and a much slower 
plastic front preceeding a plateau of constant strain near the 
point of impact. Discrepancies between experimentally observed 
strain-distributions and predictions of the above theory has led 
Nalvern (1951) to propose a rate-dependent theory. Nalvern's theory, 
however, did not predict the presence of a strain plateau at the 
impact end as observed by many experimenters, but Malvern (1965) 
has since indicated that a strain plateau may in fact be deduced 
from his theory. 
Shock waves may also be produced when the stress-strain 
relation ceases to be linear, and are produced as a result of 
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larger disturbances in the wave travelling faster than smaller 
ones, culminating in the formation of a wave front which gets 
steeper as it propagates. In most solids plastic waves rather 
than shock waves are set up due to the decreasing gradient of 
the stress-strain relation beyond the elastic limit. There are 
some solids, however, such as rubbers and other high polymers, 
where large tensile strains result in the orientation of the 
long chain molecules and the increased value of the stress-strain 
gradient at large strains indicates the possibility of shock waves 
being produced in these materials by the propagation of large 
deformations. While the propagation of shock waves in these 
materials rema1n largely unexplored, the subject of shock waves 
1S well documented in texts like Duvall (1962), and Couran·t and 
Friedrichs (1948). 
CHAPTER 3 
WAVE PROPAGATION IN VISCOELASTIC MEDIA 
- THEORY 
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3.1 INTERNAL FRICTION IN SOLIDS 
The characteristic property of a viscoelastic solid is that 
frictional or viscous forces are operative, in addition to elastic 
or Hooken stresses. These former forces are collectively designated 
as 'internal friction' and cause distortion and attenuation of 
stress waves propagating in the material. 
When materials are set in vibration some of the elastic energy 
is always converted into heat. Thus, when a solid specimen vibrates,· 
its free oscillations decay even when it is isolated from its 
environment. For liquids and gases the dissipative forces are due 
to viscosity and thermal conduction and their effects can be treated 
analytically. In solids the behaviour is found to be much more 
complex and vary considerably ,.;ith the nature of the solid, and for 
viscoelastic solids there is yet no complete theory for the internal 
friction. 
The most direct method of defining internal friction 1S as the 
ratio f1W/W, where f1\{ is the energy dissipated in taking a specimen 
through a stress cycle and W is the elastic energy stored in the 
specimen "hen the strain is a maximum. This ratio is sometimes 
called the 'specific damping capacity' or the 'specific loss' and 
can be·measured for a stress cycle without any assumptions being 
made about· the nature of the internal friction.· The value obtained 
is, however, generally found to depend on the amplitude and speed 
of the cycle, and often on the past history of the specimen. 
There are several indirect methods of defining internal friction 
and these depend on the assumption that the restoring forces are 
proportional to the amplitude of vibration, whilst the dissipative 
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forces are proportional to the velocity. \fuen these conditions 
apply the ratio bet .. een successive free oscillations is constant 
and the natural logarithm of this ratio, 6', is taken as a measure 
of internal friction. Another indirect measure of internal friction 
is given by the sharpness of the resonance curve under forced 
vibration. If a specimen is driven by a sinusoidal force of fixed 
amplitude, the frequency of .. hich can be varied, and the amplitude 
of the vibration of the specimen is plotted against frequency, the 
curve shot.s a maximum at the resonant frequency f and falls· off 
on either side of it. The lower the internal friction of the 
specimen the sharper this resonance peak is found to be, and if 6f 
is the change in the impressed frequency necessary to change. the 
amplitude from half its maximum value on one side of the resonant 
frequency to half its maximum value on the other side, 6f/f is a 
measure of internal friction of the specimen. 
Kolsky (1953) and Hillier (1961) have derived the relations 
bet",een these indirect measures of internal friction with the 
specific loss. These are: 
6H 26 ' = H (3.1) 
if the damping is low; and 
6\~ 2" M 
= H 13 f 
(3.2) 
Another method of investigating internal friction and perhaps 
more relevant t~ the subsequent discussion on wave propagation is 
the measurement of the attenuation of a stress wave when it travels 
through the solid. For plane sinusoidal waves of small amplitude 
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the attenuation is found to be exponential and the attenuation 
constant a is related to the specific loss by 
tM 
W = a 
4rrc 
'" 
(3.3) 
where c is the wave propagation velocity and ",/211 the· frequency 
of the wave. 
In addition to the high mechanical loss present in viscoelastic 
materials, their· other outstanding feature is the very marked 
dependence of their elastic properties on the rate of application 
of the stress. Thus the value of the 'dynamic' Young's modulus E, 
obtained for example from observation of wave propagation in a 
rubber filament, may be a thousand times the value obtained from 
a static test. From the point of view of wave propagation, this 
increase of modulus with decrease in the time of application of 
stress means that the medium is dispersive, i.e. sinusoidal waves 
of high frequency are propagated with a greater phase velocity than 
low frequency waves, and a mechanical distrubance, consequently, 
continually changes in shape as it travels through a viscoelastic 
solid. The.attenuation of high-frequency waves is also found to 
be greater than that of waves of lower frequency, so that there is 
a differential absorption as well as a dispersion of the Fourier 
components of a pulse. 
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3.2 WAVE PROPAGATION IN LINEAR VISCOELASTIC MEDIA 
\~ile the phenomenological theory of viscoelasticity dates 
from the nineteenth century, the interest in the propagation of 
mechanical disturbances in viscoelastic media is comparatively 
recent in origin. The subject of viscoelastic wave propagation 
is of interest to the applied mathematician in that it leads to 
problems in which both the dispersion and absorption of waves are 
involved. It is of interest to the engineer, who needs to knot< 
the transient response of structures which include viscoelastic 
members (e.g. isolation mounts), and it is of interest to the 
experimental physicist who is· measuring the mechanical properties 
of high polymers under conditions of very rapid loading, since at 
high frequencies ("here the wavelength becomes comparable with the 
dimensions of the test specimen), only a wave treatment "ill lead 
to a proper interpretation of the experimental observation. 
The following discussion on wave propagation will be confined 
to linear viscoelastic solids, i.e. those whose stress-strain 
relations can be expressed as linear differential equations which 
involve only the· stress components, the strain components·, and their 
derivatives, with respect to time (or alternatively, solids which 
obey Boltzmann's superposition principle). The behaviour of most. 
polymers is linear up to strains of 10-1 , and when the deformations 
are small, the assumption of linearity has a considerable range of 
validity. Two reasons are given for ignoring non-linear materials. 
First the subject· is of extreme mathematical complexity on account 
of the introduction of non-linear equations and of finite deformations. 
Special cases of non-linear propagation have been given by Kolsky 
--------------------------------------------------------- .-
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(1953), Davies (1956) in plastic and shock waves, ,.hile general 
viscoelastic theory is discussed by Lockett (1972) and Ward (1971). 
Secondly, as yet there exists very little reliable data on the 
dynamic behaviour of rubbers and polymers in the non-linear range. 
For strain amplitude pertinent to linear viscoelasticity it is 
usually adequate to assume the nominal strain-displacement relation 
of linear elasticity, discussed in the previous chapter. 
There have been several reviews on stress waves in viscoelastic 
media and of their application in determining the dynamic mechanical 
properties of rubbers and polymers. Among the notable are those 
of the works of Kolsky (1953, 1958, 1960, 1967), Hillier (1960, 1961), 
and Hunter (1960, 1967). 
In discussing the cases of internal friction concerned "ith a 
vibrating body, it is assumed that the elastic restoring force is 
proportional to the displacement and the dissipative force is 
proportional to the velocity, but the nature of the dissipative 
forces was not discussed. We are concerned with the dissipative 
forces of'a viscous nature and it will be seen that the internal 
friction will depend on the frequency. 
In order to consider vibrations and wave propagation in 
viscoelastic solids, the constitutive relation of the solid has to 
be knmm, and as we have seen in Chapter 1, this may be represented 
by those of simple models such as the Naxwell, Voigt or standard 
linear solid, or in more general form, by the Boltzmann relation of 
equation (1.3) or (1. 4). Probably the most useful alternative 
representation in experimental terms is in terms of a complex elastic, 
* modulus E. When a stress which varies sinusoidally with time, is 
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applied to a specimen of a linear viscoelastic solid, the strain 
is found to vary sinusoidally with time, at the same frequency as 
the stress, but generally not in phase with it. Thus, if we put 
w:e can write 
(j = (j • exp(iwt) 
_0 
£ = £ exp(iwt -io) 
o 
where 0 is the phase lag of the strain behind the stress. 
Then 
(j 
£ 
(j 
= 0 exp(io) = E' + iE" 
£; 
o 
where E' and E" are the real and imaginary parts of the complex 
* modulus E , and 
E' 
i.e. IE*I 
= 
(j 
0 0 cos 
£ 
0 
(j 
(E,2 0 =- = £ 
0 
(j 
E' , 0 sin 0 = 
£ 
0 
+ E,,2)! E' , and 0 tan =E" 
For the general case of a viscoelastic solid the stress components 
are expressed in terms of the strain components, as in the elastic 
case, and for an isotropic material the stress-strain relation for 
a Voigt solid may be written: 
and 
(j = 
xx 
(j = yz 
all All + 2~£ + A' + 2~' 
xx at 
l...IE + 1...1' yz , etc. 
a£ 
xx 
--at' ' etc. 
(3.4) 
similar to equation (2.1) for the elastic case, except here the 
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operator A + A' (a/at) takes the place of A and J.1 + J.1' (a/at) 
takes the place of J.1. A' and J.1' are viscous constants corresponding 
to Lame's constants, A and J.1. 
In general, deformations involve dilatation as well as shear 
so that the,four constants A, A', J.1, J.1' must be used, and in 
treating these problems, simplifying assumptions have often been 
made about the relations between them. Thus, since the shear modulus 
of many viscoelastic solids (especially rubber-like materials) is 
very much smaller than the bulk modulus, the assumption of 
incompressibility has often been made, and only one viscous constant, 
the shear viscosity J.1' remains. In general ),' :·':',Y:,',. the assumption 
.' appears to be true. A further, assumption has been that (i) 
viscoelastic materials are perfectly elastic for dilatational strains, while 
" (;;).. Quimby (1925) has assumed that since the same molecular processes 
are involved in shear and dilatational deformations, the viscoelastic 
behaviour will be the same for both types of strain, i.e. A/A' = J.1/J.1'. 
There is little justification, ,for either of these last two assumptions. 
3.2.1 Vibrations of Viscoelastic Solids. 
The equation of motion of a specimen with elastic restoring 
force proportional to displacement and viscous force proportional 
to the velocity can be written: 
p = M~ + ns + E~ (3.5) 
"here,P is the impressed force, M depends on the'mass and shape 
of specimen, and E and n are the elastic and viscous, constants 
respec tively. 
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For a Maxwell solid, Fig. 3.l(b), longitudinal vibration 
consideration leads to the "logarithmic decrement of the damped 
oscillation 6' being given by: 
6' = TT E 
W Tl 
and for the Voigt solid, Fig. 3.l(a), for small damping, 
6' ::;. W TT 
or 6' = W TT 
)J' 
11 
.!l 
E 
(3.6) 
(3.7) 
Thus, for a Max"ell solid the logarithmic decrement varies inversely 
both "ith the frequency and "ith the viscosity of the material, 
and for Voigt solids 6' is directly proportional to frequency and 
viscosity. This furnishes a convenient test of "hether real· 
materials behave like one or other of these idealized models and 
as sho= belm" for most solids 6' does not behave in either manner 
and is often roughly independent of frequency. 
The comparison bet"een.model responses and observed behaviours 
of some viscoelastic solids are sho= in Figs. 3.3(a) and (b) where 
the three-parameter solids are those of Fig. 3.2. The experimental 
values "ere obtained by Lethersich (1950) and give the responses 
of polyethylene, polymethylmethacrylate, ebonit~ and polystyrene 
to shear deformations "hich vary sinusoidally "ith· time. Thus, 
"hereas the Mam,ell and Voigt models are completely inadequate in 
describing the variations of tan 0 with frequency for real materials, 
the standard linear solid can be fitted to give reasonable agreement 
"i th the. observed behaviour over about one decade of frequency. 
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The fact that a number of different relaxation phenomena may 
be taking place simultaneously in a viscoelastic solid necessitates 
the use of models consisting of a number of Maxwell elements joined 
in parallel or a number of Voigt solids joined in series. The 
solid is thus considered as having a number of relaxation times, 
and in the limit a continuous spectrum of relaxation times. This 
treatment is mathematically equivalent to Boltzmann's approach and 
the theory of vibration of a viscoelastic solid which obeys Boltzmann's 
superposition principle leads to complicated mathematical analysis 
in that the solution of partial integro-differential equations is 
involved. 
3.2.2 Stress Waves in Viscoelastic Solids. 
In deriving the relations between stress and acceleration in 
equations (2.2), no assumptions were made with regard to the stress-
strain behaviour of the solid medium and these equations will, 
therefore, apply to the motion of a viscoelastic solid. In order 
to treat',the problem of wave propagation through a viscoelastic solid, 
the stress-strain,relations must be combined with the equations of 
motion for the medium, and suitable boundary conditions must then 
be inserted to solve specific problems. As mentioned earlier, the 
stress-strain relation for a Voigt solid 1S the same as for an elastic 
solid if the operators A + A' (a/at) and ~ + ~'(a/at) are used instead 
of A and~. Then, substituting for stress components'in Equations 
(2.2) we obtain for motion in the x-direction, 
p (3.8) 
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with similar equations for v and w. As for an elastic solid 
these relations lead to differential equations for distortional 
and dilatational motion. Thus the equation for the propagation 
of the displacement u in a dilatational wave now becomes: 
(3.9) 
and for a distortional wave we have: 
= 2 2 (~Ut) ].1\7 u + ].1'\7 a (3.10) 
Similar relations for v, w hold. 
For simplicity if we consider a plane distortional wave 
propagated in the x-direction "ith its particle motion in the 
z-direction, we have from equation (3.10) 
(3.11) 
This equation has a harmonic solution so that w is the real part 
of A exp [i (wt -" kl x)], and subs tituting in (3.11) we obtain: 
(3.12) 
In order that this equation should be satisfied kl must be complex 
and if we put it equal to k + ia, and equate real and imaginary 
parts of (3.12) we have: 
and 
2 pw 
2 2 
= - )J I w(k - a ) 
(3.13) 
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so that 
k2 
2 
{[ 1 + (~I~)2J! + 1 } = ~pw 222 2 (~ + ~ I W ) ~ 
and (3.14) 
2 2 {[ 1 + 
(ll 'w)2l! 
- 1 } IlPW a 222 2 J 2 (~ + Il' w ) 11 
The complex value of kl means the wave is damped exponentially as 
it proceeds through the solid, and the expression for w may be 
written: 
w exp(- ax) cos(wt - kx) 
or w = exp(- ax) cos w(t - x/c) (3.15) 
where c 1S the phase velocity. 
It may be seen that both k and a vary with frequency. 
When Il ' W is small compared with 11, a becomes proportional to 
the square of the frequency. The attenuation constant here, a, 
is the same as in Equation (3.3) which gives the relation between 
the damping of progressive waves and the specific loss. Equation 
(3.3) shows that a is proportional to the product of the frequency 
and the specific loss so that for low values of Il' the specific 
loss and hence ~' will be proportional to frequency, and this is 
in agreement with a vibrating Voigt solid. 
The relation for k in Equation (3.13) shows that for small 
! 
values of" Il' w, k = w(p /]1) 2. Hence the phase velocity which is 
1 
w/k becomes (~/p)2 and is the same as for an elastic solid. Thus 
the phase velocity is less sensitive to frequency changes than the 
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attenuation and only begins to change when w becomes comparable 
to ~/~'. The treatment for dilatational waves is identical with 
that for distortional waves except that (A + 2y) takes the place 
of ~ and (A' + 2~') takes the place of ~'. 
The propagation of longitudinal waves along a thin rod of 
material which behaves like a Voigt solid gives the equation of 
motion: 
+ Tj (3.16) 
This leads to equations similar to (3.4) with E and Tj taking the 
places of ~ and ~' respectively. 
Perhaps the simplest type of wave propagation from the 
practical point of view is that of a longitudinal disturbance 
along a thin filament, where the equation of motion can be w'ritten:. 
ocr 
ax (3.17) 
where x is the distance along the filament, u is the longitudinal 
displacement as before, and p the density. For a sinusoidal 
* disturbance, we may write a = E E, or 
cr = (E I + iE I I ) S 
and inserting in (3.17) g1ves: 
(E I + iE I ') = 
au (E I + iE I I ) 
ox 
The solution of (3.19) for a progressive sinusoidal wave of 
(3.18) 
(3.19) 
frequency w/2n whose displacement at the origin is u coswt, is 
o . 
given by: 
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u = u exp(- ax) cos [wet - x/c)] 
o 
which is identical to equation (3.15), and 
c = 
6 
sec "2 
where tan 6 = E"/E'as before. 
a = 
6 
2 
(3.20) 
(3.21) 
For most polymers, tan 6 « 1, hence sec(6/2) ~ 1 and 
tan (6/2) ~ 4 tan 6. Therefore: 
c = and a = w 2c tan 6 
Hillier (1949) has considered the propagation of longitudinal 
sinusoidal "aves along a viscoelastic filament and has ·derived the 
relations for a Nax",ell solid, a Voigt solid, and a 3-parameter 
solid. For a Maxwell solid the relation bet",een stress and strain 
is: 
",here T 
leads to 
ao 
at 
2 E~ 
ax3t 
o 
T 
1S the relaxation time and equals 
expression for k and a as 
k2 
2 [(1 -2 -2 ! II pw + w T )' + 2E J 
2 2 [ -2 -2 ! 
- 1 ] pw a = 
-2E (1 + w T ) , 
(3.22) 
fI/E. The solution 
(3.23) 
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l.Jhen w is large compared with l/T, i.e. when the period 
of the stress "aves is short compared "ith the relaxation time, 
2 2/ . / I k pw E so that the wave velocity is (E p) , "hich is the 
same as that for an elastic rod of Young's modulus E, the attenuation 
factor 2 1 a becomes (p/4ET )2 and is independent of frequency. The 
specific loss is proportional to a/w [Equation (3.3)J and is 
therefore inversely proportional to the frequency. This is in 
agreement with equation (3.6) for a vibrating Ma~,ell solid. 
The third type of model considered by Hillier is that shown 
in Fig. 3.4 where an auxiliary spring is placed in series with the 
Voigt model. The stress-strain relation for such a model is given 
by: 
(3.24 ) 
Putting T, the retardation time of the Voigt element, equals nI/El' 
a solution of the form u = A exp [i {wt - (k + ia) x}] is satisfied 
if 
and 
2 
a 
"here lIE 
c 
E 2 2 21! w T 2 C 
22+ 
W T 
E 2 2 21' w T -C 2 
2 2 
w T 
2 2 l E2 + Ec WT· 
2 2 J 1 + W T 
(3.25) 
1/E2 + l/E l • If Ei is very large, equations (3.25) 
simplify to equations of the form (3.14) for a simple Voigt solid. 
If on the other hand El is very small, the relation is identical 
with that for a Ma~ell solid. 
l::Jfl I 
Fig.3-4 Auxiliary spring in series with 
Voigt model 
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The velocity c of propagation of waves along the rod is given 
by wlk and from equations (3.25) it may be seen that for small 
! 
values of w, c approaches (E Ip) 2 ,,,hilst for large values of w, 
c 
! 
c approaches (E2/p)2. Thus at frequencies low compared with liT, 
the velocity of propagation corresponds to the behaviour of the 
two springs in series, whilst at high frequencies the Voigt Spring 
is inoperative and the velocity of propagation depends on the 
auxiliary spring. The damping of the wave is given by ~ and 
increases with increasing frequency, the specific loss, however, 
is porportiona1 to ~/w and it may be seen from (3.25) that it 
approaches zero both for very small and very large values of WT, 
with a maximum between. 
It has been shown (Figs. 3.3) that few solids behave, even 
approximately, like the Ma~"ell or Voigt models and it is only in 
terms of a relaxation time spectrum that the dynamic behaviour can 
be defined adequately. The reason for using very simple models 
with single relaxation times is that the mathematics otherwise 
become extre..-ne1y complicated.' ""hen, however, the dynamic mechanical 
behaviour of a viscoelastic solid is required for only a restricted 
range of frequencies the 'elasticity' and 'viscosity' obtained by 
using a single Maxwell or Voigt model is often a convenient method 
of describing the mechanical properties under the 'prescribed 
conditions. 
The above treatment deals with general and one-dimensional 
wave propagation in a linear viscoelastic.solid for the cases. of 
idealized models. The extension of the treatment to the general 
case where the stress-strain relation is of the type obeying 
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Equation (1.3) or (1.4) is too complex and although Volterra (1931), 
~n his theory of functionals, has treated this problem, the results 
of the theory have found very little application in the study of 
dynamical behaviour of viscoelastic materials. 
Before proceeding to a discussion of pulse propagation in 
viscoelastic solids, it is pertinent to consider the limitations 
of the equations au ' <: = -- and 
ax 
ao a2u 
-- = p --- in discussing wave 
ax at2 
propagation in a rod of finite cross-section. The fundamental 
physical assumption on which these equations is that during 
deformation initial plane sections of the rod remains plane., From 
the exact Pochhammer-Chree treatment of elastic bars [pavies (1948), 
Kolsky (1953)J it is know that this assumption remains valid provided 
the wavelength of a given frequency component A = 2rrc(w)/w is 
somewhat greater than the bar radius a. For pulses with dominant 
frequency components comparable to a, the propagation in finite 
rods of viscoelastic solids leads to dispersion and attenuation. 
In the elastic case, only dispersion is present and this geometrical 
dispersion results in the elastic phase velocity being a decreasing 
function of frequency, in contradistinction to 'the phase verocity 
w I) for a small diameter viscoelastic material, which is c(w) = ~ tan 2' 
No analytical treatment of the problem of dispersion ~n viscoelastic, 
material has been undertaken principally because of the difficulties 
associated with constructing the steady state solutions analogous 
to the Pochhammer-Chree functions for an elastic solid. 
For linear viscoelastic solids, Fourier series or integral 
methods may be used to treat pulse propagation problems in terms, 
of the response of these materials to sinusoidal stresses. For 
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sinusoidal propagation ·along slender rods we have seen that the 
propagation constants are given by: 
* ! 
c = (E /p)2 sec 0/2 and a = (w/c) tan 0/2 (3.26) 
If c and a are known functions of w over a sufficiently 
wide frequency range, the propagation of an arbitrary disturbance 
can be inferred by means of Fourier sYnthesis. Thus, if the 
displacement produced by the disturbanc·e at the origin (x = 0) is 
expressed as the Fourier integral 
u(O) = r o A w exp(iwt) dw (3.27) 
where A 1S a complex function of w which defines the shape of 
w 
the disturbance, then at a distance x along the filament, the 
displacement is given by: 
u(x) = exp [ - ax + iw(t - dw (3.28) 
* and, if the values of E" and E' (or of E and tan 0) are known 
from experiment over the relevant frequency range, the shape of 
the pulse can be calculated numerically, using Equations (3.28) 
and the expressions of Equation (3·.26). 
In attempting to obtain analytical expressions for pulse 
propagation in viscoelastic solids, a different mathematical 
approach has generally been employed, and this is to use Laplace 
transforms to obtain solutions for prescribed boundary conditions. 
Berry and Hunter (1956) have combined Boltzmann form of the 
stress-strain relation with the equation of motion, and then used 
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Laplace transform methods for obtaining general solutions for 
longitudinal disturbances propagated along semi-infinite and finite 
rods. Lee, et. al. (1954, 1953, 1956a, 1956b) have used instead 
the operator form of the stress-strain relation and obtained explicit 
solutions for pulses propagated in solids which behave like two, 
three and four-parameter models. Solutions were obtained by Laplace 
transform methods with the two and three parameter models, but for 
the four-parameter model (Morrison, 1956) the method of characteristics 
had to be employed. Berry and Hunter (1956) have shown that their 
treatment leads to the solution given by Lee and Kanter (1953) for 
a Maxwell solid, when the appropriate memory function is used in 
the Boltzmann equation. 
Lee and Kanter (1953) explored the unidirectional pulse 
propagation in a Maxwell solid tinder constant velocity impact and 
demonstrated the delay of the wave front as it travels along the 
rod. They have also shown that solutions to boundary-value problems 
in finite rods may then be obtained by a method of superposition. 
For Voigt solids, transform methods have been used by Zverev (1950), 
Eubanks, et. al. (1955), and Morrison (1956). Glauz and Lee (1954) 
employed the method of characteristics for treating a four-parameter 
model, t.hile Dunwoody (1966)', used the' same method intonj'unction with a 
Maxwell solid. Smith (1966) has also considered a three-parameter 
solid, while a comparison of the propagation in various models by 
exploring in detail the short and long-time behaviour of such 
Maxwell-Voigt combination models was carried out by Lee and Horrison 
(1956) . 
More general treatments of wave propagation in linear 
55 
viscoelastic solids which do not depend on the assumption of 
idealized model behaviour have been given by Charles (1951). 
Berry and Hunter (1956), Berry (1958), and Bland (1958). In 
these studies Laplace transform methods have been used to obtain 
formal solutions in a general solid which obeys Boltzmann's 
superposition principle. Further discussion of the use of Laplace 
transforms for the treatment of wave propagation in viscoelastic 
solids is found in the review by Hunter (1960). Kolsky (1956, 1960) 
used the superposition property of solutions through Fourier analysis, 
but his theoretical and experimental work is limited to glassy 
polymers; the limitation of· which manifested in the fact that the 
material damping could be characterized by a constant. Norris 
(1967) has attempted a spectral material representation for 
polyethylene; however, it appears from Kolsky's work (1960), in 
this case of a rather hard plastic, an even more limited 
characterization might have produced equally good results. 
Arenz (1964) employed an approximate method involving the 
Laplace transform in an effort to p·redict wave propagation in soft 
viscoelastic materials involving the complete spectrum of material 
response. His treatment indicated an oscillatory disturbance. 
follOl.ing the glassy wave front. Although this oscillatory behaviour 
can be argued qualitatively on the basis of Fourier synthesis 
through cancellation and reinforcement of Fourier·components 
travelling at different velocities, their existence is doubtful 
and could be as a result of the approximate method used. Similar 
oscillations may arise in an exact or. approximate model analysis 
such as proposed by Va1anis (1966) when series truncation occurs 
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too early. Approximate methods such as those above are important 
for predictions of wave propagations when geometries are complicated 
and their accuracy has been examined by comparison with an exact 
solution by Knauss', (1968).: _ Knauss' analysis ;'using real material properties, 
showed an initial glassy wave front of approximately 1070 ms- l 
which vanished for practical purposes and the bulk of the disturbance 
travelled with a velocity less than this value. The comparison 
of the exact solution with the approximate methods indicated good 
agreement and the conclusion that approximate transform solutions 
may be useful if interpreted correctly. It thus appears that only 
limited characterization of a viscoelastic material is required 
for wave propagation problems for both hard and soft materials, 
with the caution that such a limited characterization needs to be 
further explored either through the calculations outlined by Knauss 
(1968) or through experiments as performed by Kolsky (1956) and 
Liftshitz and Kolsky (1965). 
Hore recent wave propagation studies included that of Walsh 
(1971), who considered the de'cay of stress "aves in one-dimensional 
polymers rods with the concept of accaeration·waves, and obtained 
good correlations with Kolsky's work (1956). 
Little theoretical work on general three-dimensional wave 
propagation in viscoe1astic solids appears to have been carried 
out so far. Hunter (1960) gives a detailed discussion of the 
problems involved, and Bland (1957) and Berry (1958) have considered 
viscoe1astic spherical waves diverging from a spherical cavity. 
HcNiven and Hengi (1971) used the method of characteristics in 
their investigation of cylindrical waves In an infinite viscoelastic 
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solid, while Arenz (l965) and Liftshitz and Kolsky (1965) have 
investigated two and three-dimensional propagation respectively. 
The theory of non-linear viscoelastic behaviour has hitherto 
received comparatively little attention, and the phenomenon is 
of interest for two types of problems. On one hand the time-
dependent curve of some metals when stressed beyond the elastic 
region means that plastic wave propagation can only be interpreted 
by considering viscoe1astic effects. It is from this point ·of 
viel, that Malvern (1951) has approached the subject. On the other 
hand, the use of high polymers as yarns means they are sometimes 
subjected to sudden large extensions which may approach the 
breaking point of the material. Experimental works on these aspects 
are reviewed in the next chapter. 
CHAPTER 4 
VISCOELASTIC WAVES - EXPERIMENTAL STUDIES 
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4.1 EXPERIMENTAL STUDIES 
The preceeding chapter discusses the theory of vibrations and 
wave propagation in linear viscoelastic solids, and hOly it is possible 
by observation of wave propagation to obtain material properties 
such as complex moduli and specific loss from measured quantities 
such as the velocity of propagation of the waves c and the attenuation 
constant Cl. In this chapter a survey of the experimental methods 
employing these ideas is provided. The methods employed for the 
investigation of dynamic elastic properties are generally. divided 
into several distinct classes, and these are: 
(i) free vibrations, 
(ii) resonance methods, 
(Ui) wave propagation methods - (a) sinusoidal waves, 
- (b) pulse propagation, 
(iv) direct observation of stress-strain curves. 
All these methods have been used for elastic as well as anelastic 
materials, and the type of method employed depends on the period and 
amplitude of the deformation which it is required to investigate 
and on the shape of specimen which is readily available. Some 
workers have used several or all of the above methods in a single 
investigation. We shall here be concerned mainly with the discussion 
of ,,,ave propagation methods and only brief accounts will be made 
of the others. Experimental methods of the classes above have been 
discussed in texts of Naunton. (1961), Ferry (1970), Hard (1971), 
Kolsky (1967) for polymers. Kolsky (1953) discusses the 
applications in both elastic and viscoelastic materials, and wave 
propagation methods have been given by Hunter (1960), Kolsky (1960), 
Hillier and Kolsky (1949), and Hillier (1949, 1960, 1961). 
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4.2 FREE VIBRATION HETHODS 
If the mechanical properties of a material under investigation 
are linear, i.e. its elastic properties are independent of amplitude, 
then at a given frequency of oscillation the period and logarithmic 
decrement of free oscillations "ill define its mechanical behaviour. 
The experimental technique for this type of measurement is simple 
and a large number of investigations of internal friction have been 
carried out by this method. Since in order to make observation 
easy, a large amplitude is desirable, the method has been employed 
mainly with torsional and flexural oscillations. Hith ,very slow 
oscillations both the period and logarithmic decrement.can be measured 
directly, whilst at higher frequencies a photographic or electrical 
method may be used for recording. In order to cover a range of 
frequency, specimens of different sizes may be employed. It is 
generally more convenient, however, to use auxiliary inertia members 
so that the period of oscillation can be varied with the same 
specimen. In practice the assumption that the elastic properties 
are independent of amplitude, especially with polymers, are not met. 
Hethods depending on the observations of free vibrations in 
use on rubbers and polymers include those of Yerzley (1939) and 
Nolle (1948), "hich are of the rocking beam type with a useful frequency 
up to 25 Hz. Other free vibrating systems are those of the vibrating 
reeds type O;ack et. al. (1947)J, and torsion pendulums. The first 
type of torsion pendulum was used by Cassie, Jones and Naunton (1939). 
The two-part torsion system has been more frequently used, particularly 
for measurements of modulus and loss factor or polymeric materials 
over a wide temperature range, - lOOoC to + lOOoC or more. This 
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method has been used by Nielsen, et. al. (1950, 1951, 1953); Fletcher 
Gent, and I{ood (1954); Plazek, Vrancken, and Berge (1958); 
Koppelmann (1955); and Nederveen and van der Wal (1967). The 
frequency range of operation of the torsion pendulum is limited to 
0.01 to 50 Hz, the upper limit being set by the dimension of the 
specimen becoming comparable to the· wavelength of the stress waves· 
in the specimen. 
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4.3 RESONANCE METHODS 
'In the free vibration methods, no energy 1S supplied from 
outside the vibrating system, after the initial impulse which sets 
it in motion. The principle of the resonance method of measuring 
elastic properties is that if an oscillating force whose amplitude 
is fixed but whose frequency can be varied is applied to a mechanical 
system, the amplitude of the resulting vibration passes through a 
maximum at a frequency which is known as the resonant frequency of 
the system. The value of this resonant frequency depends on the 
elastic properties of the system, "hilst the breadth of, the resonance 
peak gives a measure of the dissipative forces "hich are present 
(section 3.1). \fuen the dissipative forces are large they change 
the value of the resonant frequency, but this effect can be allowed 
for when the value of the damping is known. 
If suitable precautions are 'taken to eliminate extraneous damping 
due to air resistance, loss at the supports, etc., both the internal 
friction and the elastic constants of a specimen may be determined 
by this method and measurements have been made using longitudinal, 
flexural, and torsional oscillations at frequencies from a few Hertz 
to several Hegahertz. The method may be used "hen the, damping' is 
so large that free oscillations decay too rapidly for accurate 
measurements; on the other hand it is not very suitable for specimens 
with very low internal friction since the resonance peak becomes too 
sharp for accurate ,york. 
Hethods utilising vibrators driving resonant systems have 
been described by Naunton and Waring (1938, 1950) for rubber in 
compression; Fl'e.tcher and Gent (1950), Oberto and Palandri (1948) 
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for rubber in shear; and Kuhl and Heyer (1948) for rubber in 
extension. Fletcher and Gent's apparatus is suitable for 
measurement of dynamic modulus and viscosity of rubber test pieces 
in shear over a frequency range of 20 to 120 Hz at amplitudes of 
approximately 0.01 - 5% strain. Oberto and Palandri and Kuhl and 
Heyer's apparatus are used in the frequency range 20 - 200 Hz. 
Vibrating reed techniques are possible for frequency range 200 -
1500 Hz, and Hillier and Kolsky (1949), Nolle (1948), SchroH (1968) 
have used this method for determining dynamic properties of polymers 
in flexural vibrations. 
Another apparatus is due to Roelig (1938, 1945) for measuring 
the dynamic modulus and mechanical hysteresis of rubber specimens. 
Roelig's apparatus, or modifications of it, have been used by Astol'; .. 
(1952), Gehman and Wilkinson (1950), Hullins (1950), HcCallion and 
Davies (1955), and Payne (1954). The merits and disadvantages 
of Roelig's apparatus is thoroughly discussed by Naunton (1961). 
Other apparatus involving resonance are those of Alexandrov and 
Lazurkin (1940), and Fletcher and Gent (1957), while Davies (1952, 
1953) described a machine which is completely mechanical, including 
the force measuring device. Payne (1955) described what has become 
known as the RABRM sinusoidal strain machine, which has advantages 
over mechanical methods. The frequency range of forced-oscillation 
resonance devices used for rubbers is generally from ten.to a few 
thousand hertz. 
Free vibration and resonance methods, though simple and useful, 
suffer from the considerable disadvantage that the frequency of 
measurement depends on the stiffness of the specimen, and as this 
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changes with temperature, so does the effective frequency. Thus 
to determine the frequency and temperature dependence of 
viscoelastic behaviour, forced-vibration non-resonant methods are 
preferable. Several types of apparatus used include those of the 
methods of Becker (1969), Thompson and Wood (1956), Pinnock and 
Ward (1963, 1966), and· Takayanagi (1965). Other forced-vibration 
methods are those of Lee (1963) who employed torsional and 
longitudinal vibrations, Nederveen (1963), and Shen, Strong and 
Matusik (1967). 
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4.4 HAVE PROPAGATION METHODS 
Where the wavelength of mechanical disturbances become comparable 
with the dimensions of the specimen, the problem is one of wave 
propagation rather than of vibration. In the free oscillations 
and resonance methods, the highest frequencies used correspond to 
standing wave patterns in the specimens, but at even higher frequencies, 
standing wave techniques become difficult and methods employing 
travelling waves have to be used. Most experimental studies of 
wave propagation in viscoelastic solids have been carried out with 
a view to determining the dynamic mechanical properties of, these 
materials at high frequencies. Two distinct methods are available. 
The first employing the propagation of plane sinusoidal waves and 
the other the generation of a single pressure pulse. 
4.4.1 Sinusoidal Uaves 
The relevant complex modulus of a viscoelastic material can 
be found from the phase velocity and attenuation of a train "01' ,plane 
sinusoidal waves through it, and in most work of this kind, continuous 
trains of sinusoidal waves are propagated along thin filaments, of 
the materials .. If the displacement imposed on the end of the filament 
is u coswt, the displacement at a distance x along the specimen 
o 
will be given by Equation (3.20) as 
u = u exp(-'etx) cos[w(t -'- x/c)] 
o 
(4.1) 
Thus by measuring the amplitude and phase of vibration at different 
points along the filament, c and et can be determined. By the 
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* ,use of the equations (3.21) the complex modulus E and tan"o '(or the 
components E' and E") at the frequency w/2n may then be found. 
Methods using a long filament have been used by Hillier and Kolsky 
(1949), Hillier (1949, 1950), Ba110u and Si1verman (1944), Ba110u 
and Smith (1949), Nolle (1947, 1948), Wittc, Mrowca, and Guth 
(1949), and Mason (1960) 'for measurements on rubber and plastics 
at frequencies from a few Hundred to about 50 KHz. 
The simplest system employing continuous wave propagation is 
shown in Fig. 4.1. A variable frequency oscillator is connected 
to a driving unit. This may be a piezoelectric crystal, a 
magnetostrictive rod, or a loudspeaker, depending on the frequency 
and power required. The specimen is in the form of a thin, long 
filament or strip. Longitudinal oscillations are generated by the 
transducer in the specimen and travel down with a characteristic 
velocity, and with a certain attenuation. A detector is moved 
along the filament so arranged to pick up the amplitude and phase 
of the particle motion at the point of contact. These measurements 
of phase shift (relative to input signal) and amplitude are obtained 
as a function of the distance along the specimen. By having a 
suitably long specimen or by carefully terminating the far end of 
the specimen no significant reflection will take place. However, 
it cannot be assumed that no reflection occurs at the detector 
unit and the theory is developed assuming that partial reflection 
occurs at the detector. It is further assumed that such reflected 
waves do not interfere with the driving source. A comprehensive 
treatment is given in the papers by Hillier and Ko1sky (1949) and 
by Ba110u and Smith (1949). 
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If the displacement of the outgoing wave /;1 at a distance x -
-ax 
along the .filament be given by /;1 ~ ae . sin(wt - kx), then the 
d ' 1 "f h "" -a(?9.-x) , ~sp acement "2 0 t e reflected "ave ~s g~ven by "2~ -mae s~n 
[wt - k(29.-x)] "here m is the reflection coefficient at the pick-up 
and k ~ w/c. After evaluations, we have the results: 
tan e ~ (4.2) 
where e is the phase difference between source and pick-up, 
and 
B 
A 
~ 
(1 - 2me 
(1 -
2a9. 
cos 
-a9, 
m)e (4.3) 
where B, A are the amplitudes at the pick-up and source respectively. 
For large values of a9., tan e = tan k9. whence e ~ k9.. The 
actual curve obtained from (4.2) is of the form of damped oscillation 
about the line e = k9. cutting the line at points of inflexion where 
k9. = 0, 'IT/2, 'IT, 3'IT/2, etc., the interval in 9. being.A/4. Fig. 4.2(a) 
gives an experimental curve for polyethylene showing how the curve 
approximates to a straight line for large values of 9.. The gradient 
of the straight line. gives k, and since c = w/k, the velocity may 
be de termined. 
The eA~ression for the amplitude B/A is more complex. A graph 
of B/A against 9. takes the form of damped oscillations (Fig. 4.2(b». 
The rate of decay and the number of oscillations present depended on 
both a and m. For large values of a, such as occurred with Neoprene, 
-a9. the expression can be simplified to B/A ~ e This enables a 
direct value of a to be obtained from a logarithmic plot of amplitude 
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against distance. For smaller values of a, approximation leads 
to: 
(4.4) 
Thus is determined by the slope of the graph of In (A2/B2) 
agains t 9,. 
The method can be used for any materials which can be produced 
in the form of thin, filaments, provided that the attenuation is 
neither too high (,,,hen no progressive wave is propagated) nor too 
low (a < 0.001) when reflections at the detector and at the 'end 
of the specimen interfere. From the measured values of velocity 
c and attenuation constant a, the material properties such as 
modulus and viscositY'i may be determined. In general c and a 
increase with frequency. 
The experimental investigations of the propagation of 'sinusoidal 
waves along filaments of high polymers discussed above were necessarily 
carried out at small amplitudes of vibration over which the behaviour 
of the materials was linearly viscoelastic. At large amplitudes, 
the waves would not remain sinusoidal in form, and the energy loss, 
would rapidly raise the temperature of the specimen. Hillier and 
Kolsky (1949) have, however, carried out some measurements on the 
propagation of longitudinal sinusoidal waves of small amplitudes in 
filaments which have been statically strained out of the region of 
linear viscoelasticity, and Mason (1959, 1960, 1961) has similarly 
experimented with natural rubber. By this means, the "tangent' 
modulus at large strains could be measured and the results show that 
the value of the modulus increased considerably with strain, 'as 
for e.g. Fig. 4.3 for Neoprene, where the gradient from the static 
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stress-strain curve is displayed for comparison. These results 
indicate that, large tensile strains are propagated at higher 
velocities than small strains and, when a large tensile disturbance 
travels through such a medium, it wduld be expected that a shock 
wave will be built up. The large attenuation of high frequency 
waves by rubber-like materials probably prevents the production 
of very steep shock fronts. 
At higher frequencies than those utilised above, ultrasonic 
techniques have been employed [vey, Nrm,ca, and Guth (1949),' Nolle 
and Sieck (1952), and Cunningharn and Ivey (1956)J. lvi th these 
techniques. the velocity of propagation is deduced from the time of 
transit of an ultrasonic pulse across a specimen and the 'attenuation 
constant Cl is obtained from the decrease in amplitude of the pulse •. 
The method, although extremely useful, and is the only one that is 
feasible for frequencies of the order of megahertz, suffers from 
two limitations. First, since longitudinal pulses are usually 
the only one that can be propagated through polymers, the relevant 
modulus corresponds to neither Young's modulus E·nor to the shear 
modulus G, but to K + 4/3 G. It is consequently difficult to 
correlate the results with those at lower frequencies obtained by 
other methods. 
The second limitation is that the time of transit of the pulse· 
depends on the group velocity c of the wave pocket, and for a g 
dispersive medium this is different from the phase velocity c. 
In the absence of attenuation, the two velocities can be related 
by: 
(4.5) 
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"here A ~s the "avelength. In a medium "hich is dissipative 
as "ell as dispersive, the relation between c and c is not clear, g 
and this thro"s some doubt on the accuracy of the results obtained. 
4.4.2 Pulse Propagation 
The propagation of stress waves of arbitrary shape is of 
interest both as a method of studying the dynamic viscoelastic 
properties of materials and in connection "ith the use of such 
materials as shock insulators in engineering. As mentioned in the 
previous chapter, the theory of pulse propagation has been considered 
by a nwnber of inves ti:gators, ,litt le few experimental works have 
been carried out on the problem. Kolsky (1956)" has made some 
measurements of the change in the shape of longitudinal stress 
pulses as they travel along rods of various plastics (polyethylene, 
polystyrene, and perspex). These pulses were produced by the 
detonation of small lead azide explosive charges, and their initial 
duration was about 2-3 microseconds. The charges were placed at 
one end of the rods of 1.25 cm diameter (of lengths up to 2 metres 
long) and the displacement-time profile of the other end (which is 
free) on arrival of the stress pulse was monitored by a" capacitor 
gauge the output of which is amplified and fed to a oscilloscope. 
The electronic arrangements used to ensure that the oscilloscope 
trace was a true record of the displacement were similar to those 
described by Davies (1948) and Kolsky (1949). 
Fourier analysis was used to predict the shape of the dispersed 
pulse and it is found that an initially symmetrical pulse assumes 
an asymmetrical shape as a result of the higher phase velocity 
70 
of its high frequency components. It also gradually increases in 
breadth as a result of finite attenuation of the solid. Fig. 4.4 
shows the shape of a pulse, originally 2 ~sec in duration after it 
has travelled through 60 cm of polyethylene. The observed shape LS 
compared in the figure with that calculated by.numerical Fourier 
synthesis using the experimental results of Hiller (1949) for c 
and a for sinusoidal waves travelling through this material in the 
relevant range of frequencies. The synthesis involved approximating 
to the Fourier integral given in (3.28) by a Fourier sum of 64 terms. 
·The agreement between calculated and observed values is quite close. 
Kolsky (1956) also showed that if it is assumed that tan 0 is 
independent of frequency (for many polymers· tan 0 is relatively 
constant over wide ranges of frequency at temperatures away from the 
glass-rubber transition) any sharp pulse will assume a 'universal' 
shape and this shape can be predicted theoretically. Experimental 
observations show that stress pulses do in fact approximate to this 
universal shape. Fig. 4.5 shows a comparison ben,een the .pulse shape 
obtained from the gradient of "an experimentally determined displacement-
time record for a polythene specimen, and the predicted sh·ape of the 
pulse on the assumption that tan 0 is small and independent of 
frequency. The time scale of the experimental pulse has been 
adj uS ted to give the bes t fi t. and it may be seen that there is 
extremely close agreement ben.een the theoretical and observed curves. 
For comparison, points are included which show the best fit which can 
be obtained on the assumption that the material behaves like a 
standard linear solid. It may be seen that this is a very much 
poorer approximation to the observed shape of the pulse. 
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The propagation of plane stress pulses of arbitrary shape 
through blocks of viscoelastic solids could be tr.<~ated in the Same 
way as pulses travelling along viscoelastic rods except that K + 4/3 G 
is now the relevant modulus. There are numerous experimental studies 
of the determination of the viscoelastic properties of polymers in 
shear and in simple extension, but there is very little information 
about the response of these materials to purely hydrostatic stresses. 
A discussion of work done on bulk properties is found in the book 
by Ferry (1970). 
In the absence of reliable data of the bulk behaviour of polymers 
under dynamic loading, the change in shape of a dilatational stress 
pulse cannot be predicted; in contrast, measurements of change in 
pulse shape can be used to study the bulk viscoelastic properties 
of solids. This has been done by Liftshi tz and Kolsky (1965) "ho 
investigated the propagation of spherically diverging stresses in 
blocks of polyethylene, polystyrene, and polymethylmethacrylate. 
Kolsky (1967) reviews the basic features of the investigation. 
72 
4.5 DIRECT STRESS~STRAIN MEASUREHENTS 
In the three methods of measuring dynamic elastic properties 
which have been discussed, the elastic constants and the internal 
friction could not be derived from the measurements unless certain 
assumptions were made about the nature of the dissipative forces 
and the linearity of the system. The assumptions made were that 
the dissipative force was proportional to the time rate of change 
of the strain and that the type of mechanical behaviour was independent 
of the amplitude of the deformation within the range of stress 
employed in the experiments. 
It is often preferable, however, to make direct measurements 
of stress and strain whilst the specimen is being deformed, since 
the mechanical behaviour for a stress cycle can then be obtained 
without any assumptions about the behaviour of the solid. Much of 
the work of this kind at very high rates of loading has been the 
use of a modified Davies-Hopkinson bar me thod and revie"s of the 
experimental 'wrk are given in Kolsky (1953) and Hillier (1961) 
for application to viscoelastic materials. Nore recent works 
include those of Tennyson, et. al (1972) and Billington ·and Brissenden 
(1971 a, 1971 b). 
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4.6 CONCLUSION FRONTHESURVEY 
The subject of viscoelasticity is far from being completely 
, 
understood and clearly much more needs to be done in the study of 
wave propagation in viscoelastic solids, both from a theoretical and 
e'q>erimental point of vie,,, •. With linear viscoelastic solids, perhaps 
the most obvious gaps are in the field of three-dimensional 
propagation, and problems in this area are the ones which are likely 
to have the greatest practical applications. The reflection and 
refraction of pulses at the boundaries of viscoelastic solids is 
another subject of interest in this field. Kolsky and co-workers 
(1972, 1962) have recently made some studies of this problem .. 
So far as wave propagation is non-linear solids is concerned, 
there is very little published experimental or theoretical work. 
This aspect is of interest for two types of problems. On one hand, 
the time-dependence of the stress-strain curve of some metals when 
stressed beyond the elas ti c regions means that plas tic wave propagation 
can only be interpreted by considering viscoe1astic effects. It is 
from this point of view that Malvern (1951) has approached the 
subject. On the other hand, the use of high polymers as yarns means 
they are sometimes subjected to sudden large extensions which may 
approach the breaking point of the material. This problem in finite 
wave propagation in yarns and rubber filaments has been studied by 
various workers including Smith, et. al (1967, 1966, 1962, 1956, 
1955); Pilsworth and Iioge (1965, 1962); Petterson, et. al (1960 a,b); 
Stone, et. al (1955); HcCrackin, et. al (1955); Dog1otti and Yelland 
(1963), and Hall (1963, 1961). Host of the investigations involved 
the rapid extension of a yarn or rubber filament by impact with a 
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projectile and subsequent observation of the strain .. ave propagation 
in the specimen by photographic means. Analyses sho .. that viscoe las tic 
effects are appreciable even in the order of times of milliseconds, 
and investigations of the above are probably the most direct 
experimental methods of studying viscoelastic behaviour at short 
time scales', 
When most high ~lymers are stretched, the molecular chains are 
oriented along the direction of stretching and this results in the 
tangent modulus increasing with strain. The situation is thus 
opposite to that of metals where plastic waves occur. Large strains 
here travel at higher velocities than small strains, so that shock 
waves may be built up. The large dissipation of high frequencies in 
many viscoelastic materials would prevent the production of sharp 
shock fronts. Although Smith, Blandford, and Towne (1962) have 
indicated the possibility of tensile shock ,.aves, the only case of 
successful observation of tensile shock waves in stretched rubber 
filaments is that of Kolsky (1972, 1969). Chu (1967, 1964) has 
considered the general theory of transverse shock waves in an ideal 
incompressible rubber, while Nunziato and Schuler (1973) have 
generated thin one-dimensional shock pulses in a non-linear viscoelastic 
material (polymethylmethacrylate). 
Another case of large amplitude wave propagation in viscoelastic 
materials involves the free retraction of a stretched rubber filament 
,,,hen one end of released .. This problem in finite ,,,ave propagation 
was first examined experimentally by StaIDbaugh (1944); Mrowca, Dart, 
and Guth (1945, 1944); and Boonstra (1948). A theoretical treatment 
was put forward by James and Guth (1944), criticized by Nadai (1945), 
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and subsequently justified by James and Guth (1945). Application 
of the theory, however, was restricted to the region of low 
extensions "here the force-extension relation was substantially 
linear. Mason (1963) presented a more detailed experimental study 
of finite wave propagation in filaments of natural and butyl rubber 
both in extension and retraction, and gave a quantitative interpretation 
of the observed phenomena in terms of the measured force-extension 
relation of the material. An important observation of his study 
indicated that under certain conditions wave of finite amplitude 
may be propagated in natural rubber without dispersion, in contrast 
to other materials. 
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4.7 THE PRESENT STUDY 
The present investigation aims at looking at finite wave· 
propagation in natural rubber filaments and in particular the 
viscoelastic effects present at the high rates of deformation 
obtained. The initial study is a high-speed photographic record 
of a retracting rubber strip and this gives results such as wave 
propagation speeds and distinguish the cases of dispersion and 
non-dispersion of the unloading waves. The next stage involves 
a closer examination of the unloading wave using an optical 
recording system, and from the results of which force-extension 
curves from various initial extensions are derived. Finally, a 
gas gun impact device for the rapid extension of the rubber 
-1 filaments at velocities of 50 - 200 ms is developed and 
preliminary results obtained with it presented. 
CH,~PTER 5 
PRELIMINARY STUDIES -
HIGH-SPEED PHOTOGRAPHIC METHOD 
- -- ----- ---
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5.1 DEFINITION OF STRAIN APPLICABLE TO FINITE DEFOilllATIONS 
The definition of strain in Chapter 2 is only applicable to 
infinitesimal values and for finite deformations, such as commonly 
experienced in rubbers, a modificiation of the definition is 
necessary. The subject of finite elasticity theory has been· 
considered in several notable texts such as by Green and Zerna 
(1954), and Green and Adkins (1960). 
The generalized theory of strain considers the ratio of the 
length of the line joining two points in the undeformed solid to 
the length of the line joining the same t,vo points in the deformed 
solid. Consider a system of rectangular axes x, y, and z (Fig. 5.1). 
The point P has coordinates (x, y, z) and the neighbouring point 
Q has coordinates (x + dx, Y + dy, z + dz). When the bod:,' is 
deformed, P and Q become P' and Q' with coordinates (x + u, y + v, 
z + w) and (x·+ dx + u + du, y + dy + v + dv, z + dz + w + d,,) 
respectively, where 
du = au d au d au ax x + ay y + az dz 
dv av d av av (5.1) = - x + - dy + - dz 
ax ay az 
. and dw aw dx aw aw d = + - dy + - Z 
ax ay az 
2 222 The line PQ has length ds where ds = dx + dy + dz • 
2 ·22 The line P'Q' has length ds' where (ds') = (dx + du) + (dy+ dv) + 
2 (dz + dw) • 
We wish to relate ds', the length of P'Q' in the deformed 
state to ds, the length of the line PQ in the undeformed state. 
~----------------~~ 
Fig.S.1 Finite deformation transforms the line PO to 
the line P'Q' 
metal foil 
I 
Ion line 
Fig.S·2 Speciman in extended position 
o 
·2Ims-'+--...... 
49ms-
' 
Fig.S.3 Retracting specImen 
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Then 
= 
2 ·22 (dx + du) + (dy + dv) + (dz + dw) 
ds 2 
[dX + dU) 2 + (dY + dV) 2 + (dZ + dW) 2 ds ds ds ds ds ds 
Substituting for du/ds, dv/ds and dw/ds from Equations (5.1), 
[~:!) 2 [dX au dx au dy + au dzf = +-- +--ds ax ds ay ds az ds 
+ [~ + av dx + av dy + av dz r ds ax ds ay ds az ds (5.2) 
+ [dZ + aw dx + aw ~ + aw dZ)2 ds ax ds ay ds az ds 
The deformation is being described with respect to a system of 
coordinates in the undeformed state. The line ds has dire.ction 
cosines 
= 
dx 
ds m = 
dy 
ds n = 
dz 
ds 
Simplification leads Equations (5.2) to 
222 (1 + 2£ )i + (1 + 28 )m + (1 + 2£ )n 
xx yy zz 
+ 2£ mn + 2£ ni + 28 im yz zx xy (5.3) 
where £ ,£ ,etc., are the six components of finite strain 
xx yy 
and are given by 
etc. 
e: 
xx 
e: yz 
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aw av au au av av aw aw 
= +-+--+--+--
ay az ay az ay az ay az 
Equation (5.3) for (ds'/ds)2 defines the ratio of the 
deformed to the undeformed length of an elemental line originally 
at a point (x, y, z) having any specified direction defined by 
direction cosines £, m, n in the undeformed state. This is known 
as the Lagrangian measure of strain, as distinct from the Eulerian 
measure where the coordinates are convected with the deformation. 
(1 +Ze: "), (1 
xx 
" 2 
+2..e:yy) and (1 +Ze: zz ) give the values of (ds' /ds) 
for elements which have directions parallel to the x, y and z axes 
respectively in the undeformed state. This observation forms the 
link between the generalized definition of finite strain and the 
simple ideas of extension ratios, which are used in the molecular 
theories of rubber elasticity. 
A deformation is called a pure strain if the three orthogonal 
lines which are chosen as the system of coordinates in· the undeformed" 
state are not rotated by the deformation (see Love, 1927 for example). 
This means that if we choose the system of cartesian-coordinate 
axes to coincide with these three orthogonal lines the shear strain 
components are zero. Thus for a homogeneous pure strain "here 
Al , A2 and A3 are the lengths in the deformed state of linear elements 
parallel to the x, y and z axes respectively which have unit lengths 
1n the undeformed state, we have 
A 2 = 
1 1 + 2e: xx 
A 2 = 
2 1 + 2e: yy 
A 2 = 
3 1 + 2e: zz 
and EO yz e:: = £. zx xy 
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o 
In the general case the shear components of strain EO EO, yz' ZX 
EO , are not zero in the chosen coordinate system. A series of 
xy 
suitable rotations is then required to find a system of coordinates 
in which the shear components of strain are zero, thus defining 
the principal axes of strain. Ai' AZ and A3 are the principal 
extension ratios. 
A rubber has a very high bulk modulus compared with its' other 
moduli. To a good approximation the changes in volume on deformation' 
may, therefore, be neglected. This gives the important relationship 
between the principal extension ratios 
The finite-strain components include terms such as (dU/dY)Z, 
Z (av/ay) , dU/dY dU/dZ, dV/dY dV/dZ, etc., "hich are second-order 
and can be neglected when the strains are small. The strain components 
then reduce to the expressions derived previously (Chapter 2). 
In small-strain elasticity theory, the components of stress 
in the deformed body are defined by considering the equilibrium of 
an elemental cube within the body. When the strains are small the 
dimensions of the body are to a first approximation unaffected by 
the strains. It is thus of no consequence whether the components 
of stress are referred to on elemental cube in the deformed body or 
to an elemental cube in the undeformed body. For finite strains 
this is no longer true, and the stress components can either be 
defined with reference to the undeformed body or to the deformed body. 
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5.2 HIGH-SPEED PHOTOGRAPHIC STUDY OF RETRACTION 
Past works have shown that under certain conditions elastic 
waves of large amplitude propogate in natural rubber without. 
dispersion, in contrast to such waves in other materials where 
dispersion occurs, and an initial investigation l\Fa"s carried out 
with the use of high-speed cine photography of the free retraction 
of a rubber strip. In later work on the retraction, the unloading 
behaviour is more closely examined with an optical method. 
5.2.1 Specimen preparation 
Natural rubber was chosen as it is highly extensible at room 
temperature and approximates to an ideal rubber. The high extensibility 
enables large initial strains to be imposed (up to about 400% 
extension) and the specimen chosen is a vulcanized natural rubber 
gum. Its manufacture is as follows: 
Parts by "eight of: 
Natural Rubber 
Stearic acid 
Zinc oxide 
Sulphur 
Flectol H 
I<1ST 
100 
2 
4 
3 
1 
1 
Vulcanization time: 20 mins. Vulcanization temperature: l50oC. 
The rubber was moulded in rectangular sheets of 30 cm x 20 cm 
and of thickness about 2 mm. 
-- ------
82 
5.2.2 Experimental Method 
From the moulded sheets were die-cut rectangular strips of 
dimensions 25 cm x 1 cm. Each strip was marked with parallel lines 
with a white rubber paint (so that it will extend with the specimen) 
at regular 2 cm intervals, to enable detai led observations of the 
retraction process to be made. Before being used- each specimen _ 
,~as conditioned by cycling it ten times to the extension it was to 
be deformed in the experiment, however, as Hullins (1947) has 
shown, stress softening in natural rubber gum is small. This process 
of conditioning the specimen-- is used throughout the rest of the 
investigations. One end of the specimen was then held in a vertical 
clamp attached to a board on which marks were made at 5 cm intervals 
to compensate for any distortion caused by the camera lens, covering 
the whole specimen in its stretched state which may be up to 125 cm. 
Initially, the specimen was stretched by hand to the desired extension, 
held for 30 sec& and released approximately ! sec. after starting 
the camera, and the subsequent retraction recorded on a Fastax cine 
camera operating at a filming rate of about 3000 frames/sec. 
Lighting was provided by an array of lamps giving 10 KW and timing 
of the frames was provided by a regular 1 msec. interval spark 
available in the camera. As a roll of film of 100 feet lasted 
only 1.5-2 sec., and! sec. was necessary for the camera to attain 
a fairly uniform speed from rest, the manual synchronization between 
starting of camera and release of strip was rather_ tricky and a 
more reliable method was devised. 
This was achieved by enclosing the free end of the strip in 
a small piece of rectangular metal foil bent to fit it and stringing 
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a.nylon line through the foil and specimen to hold it in the 
extended position as in Fig. 5.2. Besides achieving synchronization,. 
the method also allowed four specimens to be mounted in the same 
vertical plane and thus four simultaneous retract ions. to be 
recorded· on the same roll of film, if care is taken to ensure 
no physical interference among the retracting strips. Although 
advantageous from an economic point of view, this multi-retraction 
procedure has a disadvantage in the sense that each strip is 
stretched individually and hence is held for slightly different 
durations, and different amounts of stress relaxation would have 
occurred in the different strips.· To overcome this without resorting 
to elaborate devices for simultaneous stretching of all four specimens, 
the strips were held for 15 mins. after stretching before release. 
The procedure. employed for the recording was as follows: 
Four strips were stretched to the same initial extension and held 
in this position by individual nylon lines (breaking strengths much 
higher than the tension in the rubber strips to minimise creep in 
the nylon).· A resistance wire was wound around each nylon line 
in turn and connected via an open switch in the camera unit to a 
12 volts battery. This switch could be closed after a pre-set 
delay time after the. camera is started, and the heat generated in 
the resistance wire melted the nylon lines simultaneously, thus 
allowing the retractions to be photographed when the camera has 
attained a fairly constant speed. 
Detailed analysis involved the projection of the film frame 
by frame onto a screen and measuring the distances of the markings 
from the fixed end for all frames during the "hole retraction 
process. An initial analysis was carried out by projection onto 
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a white screeen and as each retraction occupied about 40 - 50 
frames, the analysis was laborious. Fortunately an X-Y analysis 
machine was shortly available and by projection on a glass screen, 
automatic calibration and print-out of the relevant data were 
possible and this greatly reduced the analysis. Zero time of 
each retraction process was taken to be that corresponding to the 
frame prior to the one on which movement of the strip was first 
noticed. 
5.2.3 Observation of the Retraction Process 
Fig. 5.3 shows a typical picture of the retracting strip, Ln 
this case from an initial extension of 100%. A wave of unloading 
is observed and behind this, relaxed material travelled more· slowly 
while the material in front of the wave is stationary before its. 
arrival. Figs. 5.4 - 5.8 shm,. the. plots of distances of markings 
from the fixed end against time for initial extensions of about 
100 - 400%. 
Two distinct features of the retraction are observed. The first, 
for specimens retracting from not more than· 200% extension, a narrow 
wave or pulse of unloading travelled through the specimen with constant 
velocity and without dispersion. Fig. 5.4 shows a plot of a specimen 
retracting from 100% extension and the slope of the line joining 
points which just begins to move gives the velocity of the unloading 
wave. As Table 1 shows, different sections of the material behind 
the main pulse travelled ,.,ith slightly different velocities, materials 
more remote from the fixed end with greater velocities, indicating 
residual relaxation taking place even after the main unloading pulse 
has passed. 
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Secondly, at extensions greater than 200%, the retraction 
shows another behaviour, illustrated by Fig. 5.8 for a specimen 
retracting from 400% extension. Here again most of the unloading 
takes place in a narrow pulse, but there is already some unloading 
occurring way ahead of the main pulse, as indicated by the dashed 
line in the figure, as far as can be detected by the resolution 
of the method. This initial displacement has a much higher 
-1 
velocity of 195 ms in this case as compared to the speed of 
-1 76 ms of the main unloading puls·e. The whole unloading wave 
is then seen to be dispersed as it travelled down the specimen. 
As before, the material behind the main pulse is not completely 
relaxed, reflecting the presence of relaxation times greater than 
the observation time. The length of the unloading pulse in the 
non-dispersive pulse is of the order of about 1 msec., while it 
may be as much as 5 msec. in the case of unloading from 400% 
extension. 
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5.3 DYNAMICS OF THE RETRACTION 
Mason (1963) proposed a theory for the retraction process in 
which expressions for the velocities of the main unloading pulse 
• 
and the relaxed material behind it were given. The derivation 
is reproduced here as they shall be used in the calculations and 
discussion later on. 
Consider the dynamics of the retraction in Fig. 5.9. 
Restricting attention first to purely elastic propagation without 
dispersion, the strip ahead of the unloading wave is stationary, 
the wave is of permanent form and travels with velocity v, while 
the material behind the wave has a velocity u. The stationary 
part of the strip is in its original extension ratio A" (ratio of 
, ~ 
length in the stretched state to that in the unstretched state) 
and at the corresponding equilibrium, tension T 1;' the material 
behind the ,,,ave is at extension ratio A2 and tension, T2· A2 
represents the 'residual' deformation behind the wave. Considering 
the dynamics of the motion with the wave at rest, we have 
T T V 2 - m2 
(v - u)2 1 - 2 = ml (5.4) 
i.e. rubber in the state Al at a velocity v passes into the state 
A2 at a velocity (v - u) under the influences of Tl and T2; 
ml , m2 being the masses per unit length of the strip at extension 
ratios Al and A2 respectively. The conservation of mass requires 
'that 
m2 (v - u) (5.5) 
and as the material is substantially incompressible 
u 
T,4-O(--- .A, 
~--------., 
Fig.s·9 Dynamics of the unloading wave 
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= = m 
o 
(5.6) 
where m 1S the mass per unit length in the unstrained state. 
o 
Eliminating ml and m2 gives 
v = (5.7). 
as the velocity of the undispersed,,,ave relative to the fixed end, 
and 
(5.8) 
as the velocity of the material following the wave, again relative 
to the fixed end. 
Considering the more general case where the wave disperses 
as it progresses, the initial retraction of an infinitesimal 
amount of strain dA will be governed by the above relations, so 
that the leading edge of the unloading wave will have velocity 
= A [_1 [dT) J~ 1 m dA , 
. 0 "1. 
(5.9) 
where the suffix indicates the value at which dT/dA 1S taken. 
If there were no further relaxation the material behind this small 
wave would travel with the velocity. 
= (5.10) 
In a finite wave, therefore, the particle velocity at a point 
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ln the wave where the extension ratio has fallen to the value A 
will be 
(5.11) 
relative to the fixed end of the strip. Now the wave velocity 
I 
at this point is by the above argument, A [lImo (dT/dA)] ~ relative 
to the material immediately preceeding it. Consequently, the wave 
velocity relative to the fixed end of the strip is 
(5.12) 
The general expression (5.12) may be used to obtain the 
condition for the absence of dispersion, i.e. the condition that 
v be independent of A. Thus, differentiating equation (5.12) 
gives 
dv 
dA 
so that the required condition is 
o 
or 
where K is a constant. 
(5.13) 
Equations (5.12) and (5.7) then both reduce to the same form 
giving for the velocity, c, of an undispersed finite I<ave 
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c 
The condition (5.13) may thus be written 
= (m 
o 
or using equations (5.6) 
(5.14) 
(5. IS) 
which is a one-dimensional analogue of the relation derived by· 
Rayleigh (1896), Lamb (1932) and others for finite wave propagation 
in a compressible fluid. Thus Lamb gives the relation between 
pressure p, density p, and wave velocity c as 
(5.16) 
which is identical to (5.15) if p is identified with the tension 
- T and p ,,,ith the 'line density' m. Lamb. pointed out that as 
'a relation of this form does not hold for any known substance .•••• 
sound waves of finite amplitude must inevitably undergo·a change 
of type as they proceed'. In the present situation where lateral 
displacements take the place of density changes in a sound wave·, 
it appears that finite waves may be propagated in natural rubber 
over a wide range of amplitudes without alteration of type. The 
first presumption is, therefore, that. condition (5.13) is obeyed 
for this material under the conditions of propagation. 
Mason carried out two series of experiments to provide a 
quantitative check on the expression (5.12) and found reasonable 
agreement bet,,,een predictions and observations. He concluded 
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that under the particular conditions of the experiments, there 
were no significant viscous or time-dependent structural effects, 
as evidenced by the fact that load-extension relations measured 
-1 
at rates of extension less than 0.01 s were applicable to the 
conditions of wave propagation where the rates of deformation can 
104 s-l exceed 
A set of unloading curves was plotted on an Instron testing 
machine operating at a speed of 50 cm/sec. on 10 cm specimens. 
The specimens were stretched to the pre-set extensions and held 
for the same duration as in the retraction experiments before being 
unloaded. Curves showing only the unloading portions from 100%, 
ZOO%, Z50%, 300% and. 400% extension are given in Fig. 5.10. 
Although the initial portions of the unloading curves for 100% 
and ZOO% are substantially linear, the portions between Al and AZ 
(A Z being determined from Figs. 5.4 and 5 .. 5) were not, and using 
the slope of the chord joining these points and equation (5,7) 
gives the velocities of the undispersed ,,raves for these two 
-1 -1 
extensions as 40 ms and 54 ms respectively. These are much 
lower than the corresponding observed values of 49 ms- l and 63 ms- l 
Thus.it appears that the low-rate force-extension relation may not 
be accurate for prediction of the wave propagation behaviour which 
corresponds to rates of the order of 103 - 104 s-l Another 
check ",as carried out by determining the value of the leading edge 
velocity of the unloading wave using equation (5.9) and comparing 
with the observed values. This amounts to determining the tangent 
of the unloading curves at the respective Al values and the results 
obtained are given in the last column of Table 1. This compares 
2-8 
2.4 
2 
-
15 1·6 
o 
..J 
1·2 
0·8 
0·4-
o 
4000 /0 
f 10CP/o 1> 
Extension 
. Fig.S·IO _Unloading force-extension curves '(or natural rubber gum. 
Initial extension Main pulse Leading edge Speed of material Velocity of initial 
ratio speed speed behind main pulse unloading wave 
>. ms-' -I -I 
.>. ~dT~).~ >2 ms-I ms ms 
distance from fixed 
end in unstretched 
state 
4cm 12cm 24cm 
2 49 .49 175 20 21 46 
3 63 63 34 36 37-5 62 
4 69 95 40 44 46 104 
5 76 195 52 57 58 225 
TABLE I 
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quite favourably with the observed values, and the slightly 
higher values at extensions 300% and 400% are probably the true 
values, not being detected by the limited sensitivity of the 
high-speed photographic technique. However, whilst it is tempting 
to conclude that these agreements might suggest the possibility 
of using low-rate force-extension relations to predict wave 
propagation dynamics, the ear:1ier comparison seemed to contradict 
this, and 'if viscous effects in the material are not negligible, 
then the mechanics of wave propagation could only be predicted in 
terms of the load-extension relation at the appropriate rate. 
Conversely it would be possible to derive the,load-extension 
relation from suitable observations of wave propagation and this 
forms part of the next stages of investigation. Theoretically, 
the load-extension relations can be obtained from the plots of 
Figs. 5.4 - 5.8, if the variation of particle velocity uA ,.,ith 
extension ratio A could be determined. For e.g. consider Fig. 5.11 
which is the region ABCD in Fig. 5.8. The particle velocity at 
the point X (at an extension ratio A) in the unloading wave is given 
by y / (tz - t l ), or the s lope of the tangent to the curve AXE at, 
X. Differentiation of Equation (5.11) with respect to A gives 
duI. 1 [! . (:~) r dA 
0 
so that dT [:~Ar (5.17) = ID dA 0 
which on integrating, 
T = m· 
o 
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(5.18) 
Thus if uA is determined as a function of A, the load-extension 
can be obtained from Equation (5.18) at the rates involved in the 
propagation, which is otherwise experimentally inaccessible. 
Practically, however, the accuracy of determining uA from 
the slope .of the tangents is not satisfactory enough due to the 
limited sensitivity of the method in deriving the plots of Figs. 
5.4 - 5.8. One possible refinement would be to use repetitive 
flash photography to give detailed pictures of the passage of a 
wave along a specimen at two instants with a short interval be·tween 
them, then observations of the displacement of markings on the 
specimen will enable the variation of particle velocity uA with 
extension ratio A to be obtained. The method was rejected in 
favour of a different one which does not involve high-speed 
photographic techniques which are laborious in analyses. This 
alternative is an optical method which enables the strain to be 
recorded at a fixed position in space anywhere along the specimen 
and the technique is described in the next chapter. 
CHAPTER· 6 
RETRACTION STUDIES - OPTICAL METHOD 
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6.1 EXPERINENTAL ARRANGEHENT 
6.1.1 Evaluation of Longitudinal Strain 
The physical nature of the retraction process of an extended 
rubber strip, as observed in the preceeding experiment, gives rise 
to the possibility of observing the unloading wave at fixed positions 
~n space, by monitoring the variation of the width of the strip 
during the passage of the wave. For a soft rubber, the bulk 
modulus at ordinary temperatures is normally a few orders greater 
than the shear modulus and the material can be considered to be 
substantially incompressible, although this is not strictly true 
under certain conditions such as at very high frequencies and 
low temperatures. The incompressibility relation may be expressed 
as 
where AI' 1.2 " 1.3 are the principal extension rates. 
(6.1) 
If w is the 
o 
initial width of the unstrained rubber strip, and w is the width 
of the strip at any instant t during the retraction, then (w/w ) 
o 
is the transverse extension ratio of that instant at a particular. 
point of the material in the \,ave. By synnnetry, this is .equal to 
the thickness extension ratio at the same position at the same 
time, and Equation (6.1) becomes 
(6.2) 
where A is the axial or longitudinal extension ratio. 'If w is 
o 
known and w can be determined, then the axial strain or extension 
ratio may be evaluated using Equation (6.2), and the basic feature 
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of the follm.ing method involves the determination of the values 
of w at all instants of time during the passage of the unloading 
wave or pulse past a fixed position along some point of the 
stretched specimen. 
. ' 
For the observation of the change of ",id th, an op tical sys tem 
"'as devised and this has several advantages .over the high-speed 
photographic technique of Mason (1963). Whereas photographic 
techniques give only discrete frames depending on the filming 
rate, the optical method employed here enables a continuous trace 
of the unloading wave to be displayed and photographed on an 
oscilloscope. Analysis of an oscilloscope trace also involves 
considerably less time than that needed for analysing cine films. 
Besides, the sensitivity of the photographic method could not detect 
the change in l<1idth until it has changed by an effective amount 
corresponding to an extension ratio of 0.4, as reported by }lason. 
If sufficient amplification is used in the optical method, it ,.,ill 
be seen that the initial ",ave front may be observed quite distinctly. 
6 .1.2 The Optical System 
The simple optical system used for observation of specimen 
width variation is shO'.m in Fig. 6.1. A quartz-halogen bulb ",ith 
a filament AB of approximately 2 mm x 3 mm was used as a high-
intensi ty source. This is brought to a focus at CD by a I corrected I 
converging lens L, where the dis tance of CD from the lens is about 
five times that of AB from the lens. This is to create an optical 
system such that a 10 mm width specimen placed in front of an optical 
slit XY of 20 mm x I mm in contact with the lens, is in a region of 
uniform intensity. Any variation of the width of the specimen S 
L 
AB Lamp filament 
CD Filament image (photo-detector position) 
S Specimen 
XY Slit . 
L Converging lens 
Fig. 6; I Optical system 
C 
D 
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causes a change in the intensi ty, of the filamen t image CD, and 
this is detected by a photodetector placed at the position of CD. 
The necessity of the width of optical slit of 20 mm was to 
compensate for any vertical movement of strip during the retraction, 
but there is no reason why there should be until the portion of 
specimen behind the main pulse arrives, as then the specimen is 
almost ~n the relaxed state. The uniformity across the whole 
length of the slit was checked by moving a known width of 10 mm 
across it and the intensity was uniform except' at the edges of 
the slit where the intensity is about 1 - 2% lower than the axial 
intensity. As there is no likelihood of vertical specimen movement 
to such an extent to the edges of the slit, the optical system was 
considered satisfactory. 
Fig. 6.2 is an idealized oscilloscope trace shm,ing the 
unloading 'curve recorded by the slit at a fixed position. l-!hen 
the specimen is stretched to its initial extension ratio A., it 
, ~ 
has a width w. across the s li t and the corresponding signal on 
~ 
the scope is of magnitude v .. During the passage of the unloading 
~ 
wave the width ~ncreases and at any instant t, the width across 
the slit ~s "'t' giving a corresponding signal V. If the width 
. t 
wi is known and the change (Vi - Vt ) measured, then the change 
of width D.w is determined and w t = '" i + D.w, from which \ may be 
determined. Fig. 6.3 shows oscilloscope traces of the unloading 
waves from extension ratios of A = 2, 4, and 5. 
6.1. 3 Calibration of the Op tical Sys tern 
In, order to convert the observed traces of Fig., 6.3 to 
mV 
~ 
v..I-----~ 
··Slit 
I 
I 
I 
I 
I 
V-t -------- ------------
v, ------------ ------ - - - -- -.~----..------
residual 
strain 
Time: 
Figl6.2 Idealized osciHoscope trace of unloading wave 
Fig.6.3 Retraction for various initial extensions 
(a) .Ai: 2·0 
Sweep: 0.2msec/cm 
(b) ).·,=4·0 
Sweep: O·Smsec/cm 
(e) Ai.=S·O 
Sweep: 2·0msec/cm 
Fig.6.4 Calibration 
signals for two optical 
systems 
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-
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strain-time profiles, calibration of the optical system is 
necessary. This is carried out by introducing a parallel-sided 
metallic strip of known variable widths across the slit in the 
position of the specimen and passing the light beam through a 
mechanical chopper to produce square pulses on the oscilloscope 
screen, as for example as seen in Fig. 6.4, which are for two 
separate optical systems. The different amplitudes of signal 
for each system correspond to different widths of metallic strip 
across the slit. The widths are plotted against the magnitude 
of signals and, in the region of interest between widths of about 
3 mm to 10 mm (variation of width of specimen within these limits), 
the calibration curves are linear, as illustrated in Fig. 6.5. 
A greater width across' the slit as compared with a smaller one 
,wuld produce a smaller signal due to the greater reduction in 
filament image intensity and hence the negatj.ve slope of the 
calibration curve. 
Referring to Fig. 6.5, w is the width of the unstrained 
.0 
The exact value of w for each 
o 
specimen and this is about 10 mm. 
particular specimen used is measured at twenty different places 
along the length wi th a travelling microscope and a mean value taken, 
which usually has a standard deviation of about 1%. The width 
corresponding to the initial extension before retraction, w i' 
is measured with an accurate cathetometer. On retraction .the drop 
in signal from its original level ~s converted into change of width 
!:"w from w. by using the calibration curve. !:,.V corresponds to a 
~ 
change of width !:"w and the width of the strip wt at any instant of 
time t ~s therefore ,;iven by wt w. + !:,.,,,. Hence from Equation 6.2, ~ 
mV 
900 
BOO 
700 
600 
500 
400 
, 
t:N 
30021-----~----~4~----L-----~6~----~----i8~----~~~,O 
width (mm) • 
; 
Fig.6<5 Calibration curves 
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the corresponding axial extension ratio is 
(6.3) 
The origin of time t = 0 is taken to be the instant the pulse is 
recorded at the optical station .(slit). The strain £ may be 
obtained using the relation E = A - 1. Measurements of the 
signal voltages (6V) on the oscilloscope photograph are carried 
out with a travelling microscope. 
6.1. 4 General Arrangement 
The essential procedure for observing the retraction with 
the optical system is to stretch the specimen to its initial 
extension, and photograph the unloading wave display on the 
oscilloscope with a polaroid camera. The experimental set-up 
is shown in Fig.· 6.6. The specimen, held 1n a fixed clamp at 
one end is shOlm in its extended position, its other end being 
held in a clamp adapted for quick release. Two optical systems 
are shO\m, each being supplied by a coristant power supply or a 
steady-output battery (heavy-duty rating) to ensure a uniform 
Source intensity for the duration of one retraction at least. 
The photodetector used was originally a commercial 'Lite-mike', 
the schematic diagram of which is given in Fig. 6.7. This has a 
r1se time of 20 x 10-9 sec. and a similar fall time. The 
photodiode area of the lite-mike is 5.1 rnrn2 and as the image of 
2 the filament covers an area of about 80 mm only a small portion , 
of the image is used. However, the incorporation of a short 
focal-length converging lens in front of the lite-mike allows more 
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of the image to be covered, thus improving the gain of the output 
signal. The later stage requiring two or more detector systems 
led to the design of two additional photodetectors .based on the 
lite-mike. Their performances were tested in comparison with the 
lite-mike with a stroboscope and were found to be comparable to 
it, hence adequate for the required purpose. The outputs from 
the photodetectors were coupled to a Tetronik oscilloscope from 
which traces were photographed with a polaroid camera. 
For the unloading wave to be recorded on the full scale of 
the oscilloscope screen, it was necessary to start the time base 
sweep just prior to the arrival of the wave at the optical stations. 
This necessitates some sort of signal pulse system to trigger the 
oscilloscope trace sweep. A simple optical trigger system was 
devised for this purpose and consists essentially.of a photodiode 
"ith a 12 volt D. C. supply, a light source and a converging lens. 
The lens focusses the source such that a spot image (about I - 2 mm 
diameter) is formed just behind the stretched specimen. The 
photodiode is positioned at. the image, and in its extended position 
the specimen interrupts the narrow. light beam. When the end of the 
specimen passes the .beam after release, the signal output of the· 
photodiode caused by the beam falling on it, is sufficient to trigger 
the oscilloscope sweep. Knowing the pulse speed (or wave front speed) 
and the free end speed of specimen from high-speed photographic 
records, the physical distance between the trigger beam and the 
recording optical station can be set so that the full pulse 1S 
recorded. This was a very successful method as d'emonstrated by the 
traces of Fig. 6.3, and afforded a check on the speeds of the pulse 
and free end. 
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The clamp adapted for quick release is similar to the design 
of a tensome ter clamp and consis ts of an off-axis rotating cylinder, 
knurled on its surface to provide. good grip, and attached to a 
flat piece by a spring. Release of the specimen is effected by 
a quick rotation of the cylinder. The clamp slides along a 
groovein the base steel girder on which the system rests, and 
initial extension is achieved by holding the specimen in the clamp 
and stretching it manually. The fixed clamp is shmm in Fig. 6.6 
as attached to a crystal transducer. This was intended as a direct 
measurement of the stress and is explained in detail later. 
The experimental procedure is to stretch the specimen to the 
desired extension in the clamp and fix the clamp to the steel 
girder. As it is impossible to know the exact length of specimen 
held in the clamp, the width of the specimen in its stretched 
. position ~s measured with a cathetometer and the initial extension 
ratio A. evaluated from Equation (6.3). The slits and lenses of 
~ 
the optical stations are placed in position and the camera set. 
All. this involves about 10 - 15 mins. and to standardise the 
conditions, exactly 15 mins. was allowed for the specimen in the 
extended state before release. This is the same procedure as that 
in the photographic studies. Directly after the retraction each 
optical system is immediately calibrated to minimise any fluctuation 
in the supply systems. 
Preliminary observation of. the unloading wave, Fig. 6.3 
for example, shm,s that for initial extensions of 100% and 200%, 
the unloading wave is of duration of about 1 msec., although most 
of the unloading occurs in about 0.2 - 0.4 msec. For extensions 
100 
greater than 200%, the pulse length is much greater, and may 
cover as much as 8 msec. as illustrated in Fig. 6.3(c) for 
retraction from about 400%·extension. However, most of the 
unloading again occurs in a time of less than 1 msec. The 
length of the pulse is dependent on the position along the 
specimen at which it is recorded, especially for the dispersive 
cases. Fig. 6.8(a) gives an indication of the relative pulse 
lengths for initial extensions 200% .and 300%, although they are 
not strictly measured at the same spatial position. Fig. 6.8(b) 
shows the pulse recorded at three different positions for the 
same extension and clearly illustrates the broadening of the 
pulse as it propagates. 
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6.2 VELOCITY MEASUREMENTS 
The results of the discussion on the dynamics of the 
retraction in the preceeding chapter indicates the possibility 
of deriving load-extension relations for the specimen if the 
velocities of the strain components in the unloading wave are 
known. It should be remarked that at this stage a new batch 
of specimen manufactured under identical formulation and conditions 
as those used in the photographic study showed properties slightly 
different from the first batch. This is illustrated when the 
velocities of propagation and Instron stress-strain curves are 
compared. However, these slight differences are of no serious 
consequence to the investigation, and velocity measurements 
henceforth were carried out on this new batch of samples, designated 
as specimen SP 2. \fuen referring to results of the earlier batch, 
the designation is sample SP 1. 
The general arrangement of Fig. 6.6 was used for velocity 
measurement of strain components. The function of the crystal 
at the fixed end of the specimen is described in the next chapter.· 
If the unloading wave is recorded at two optical stations at a 
known distance apart, the velocity of propagation of each individual 
strain level in the wave may be determined from the transit time 
across these optical stations. This assumes that each level 
of strain maintains a specific but constant velocity of propagation 
throughout the specimen, and this assumption requires justification. 
To do this an additional optical system, identical ·to the existing 
ttW shown in Fig. 6.6, was added so that the unloading wave was 
recorded at three different positions along the specimen. By 
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constructing the predicted wave shape at the third station and 
comparing with the observed one, the assumption was checked. 
Figs. 6.9 (a), (b) and (c) show the individual traces recorded 
at the optical stations together with the predicted curves, for 
retractions from extension ratios of 3, 4 and 5 respectively. 
Fig. 6.10 is a typical oscilloscope record showing the recorded 
traces at the three different optical stations. The procedure for 
constructing the predicted curves is. illustrated in Fig. 6.9 (a), 
where the velocity v AX for any strain level AX is obtained from 
the transit time between the first two optical stations. The 
time taken for this strain to reach the third station from the 
second station is determined with the evaluated value of v AX 
and hence the predicted curve obtained. The agreement between the 
observed and predicted curves are remarkably good within 
experimental errors; Fig. 6.9 (a) also shows that the unloading 
pulse maintains its shape and length as it propagates, while in' 
the cases of Figs. 6.9(b) and (c), the pulses become progressively 
longer. 
Dynamic retract ions were carried out over a range of extensions 
ranging from A. = 1.75 to A. = 5.2 on specimen SP 2 (with this 
1 1 
specimen there was a constant tendency to tear at the fixed clamp 
and the value of A. = 5.2 set the upper limit of initial extension 
1 
with this experimental arrangement. This also caused difficulty 
in obtaining the Instron stress-strain curve for this extension). 
Three separate rests were performed for each value of A. (initial 
1 
extension ratio) and the average velocity for each strain level 
determined. 
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Figs. 6.11 (a), (b) and Cc) show typical oscilloscope traces 
obtained for A. = 1.75, 3 and 5.2 respectively at each of two 
~ 
optical stations along the specimen. The corresponding strain-
time curves derived from these records are given in Figs. 6.12(a), 
(b) and (c). It is seen that in the initial stage of unloading 
there is a slow rate of reduction of strain. This is followed 
by a large reduction at a rapid unloading rate and the last stage 
of slower recovery is not fully recorded due to the 'residual' 
strain still remaining in the material behind the main pulse. 
Neasurements of set in the specimens immediately after retraction 
reveal values of no more than 2% and this disappears almost 
completely after about I - 1 hour. The maximum slope of each 
strain-time curve gives a mean unloading strain rate of the order 
of 105 - 106 % per sec. or 103 _.104 $-1. This strain rate has· 
also been confirmed by measurements on the specimen SP 1, and the 
observation of the dispersion of the wave for initial extensions 
greater than A. = 3 are identical in both cases. However, a 
~ 
comparison shows the length of pulses in SP 2 tends to be shorter 
than that for SP 1 for any same initial extension. 
The velocities of the different strain levels in the unloading 
wave for any initial extension are plotted as a function of the 
strain, and the family of curves in Fig. 6.13 is obtained for the 
range of extensions used. The corresponding curves for SP 1 are 
given ~n Fig. 6.14. The extent of the dispersion at the higher 
extensions is shotm clearly; for example, at an initial extension 
ratio of 5.2 (Fig. 6.13) the leading edge of the wave travels at 
-1 -1 
about 240 ms while the main pulse propagates at about 110 ms 
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At an initial extension ratio of about 2.0 (100% extension) 
there is no dispersion and the whole pulse travels with uniform 
velocity. The onset of a small degree of dispersion is evident 
for an initial extension ratio of about 3.5. An interesting 
feature is the apparent tendency for each curve to approach the 
single broken line shown in Fig. 6.13. This 'envelope' curve· 
represents the maximum velocity of propagation for each initial 
extension. The main feature of each curve, however, is a region 
of constant strain velocity which remains constant between the 
envelope curve and an extension ratio of about·l.25.· Below this 
value the strain velocity could not be calculated since, as 
stated earlier, the strain-time curve could not be recorded below 
the. residual strain. 
6.2.1 Dependence on Initial Extension Ratio 
Fig. 6.13 (and Fig. 6.14) shows that to each value of initial 
imposed extension there exists a unique value of the constant 
velocity of strain propagation, for strain components below a 
certain level in the unloading wave. A plot of these constant· 
values of velocity against their respective initial extension ratios. 
shows a linear relationship, Fig. 6.15. That this behaviour may 
be predicted by Equation (5.12) if the slope dT/dA is assumed 
constant over the range of strain where the velocity vI. is constant. 
Then Equation (5.12) becomes 
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where K = dT/dA is a constant. Thus v)., is proportional to 
Al (or Ai)' which suggests that the characteristic of the unloading 
stress-strain relation is such that over the range of strains 
where the velocity 1S constant, the slope of the stress-strain 
curve is constant. This range of strain which has a uniform 
constant velocity has the maximum rate of relaxation or unloading 
and corresponds to the main pulse as detected in.the high-speed 
photographic observation. A comparison of the results of velocities 
of the main pulses from the photographic records (crosses in Fig. 
6.15) with the constant values of velocity for specimen SP 1 confirms 
this. 
6.2.2 Dependence on Strain Rate 
A characteristic feature of each strain-time curve is a 
well-defined region of constant strain rate which, in fact, corresponds 
to the region of constant velocity. A correlation between the value 
of the constant strain velocity and strain rate seemed likely and 
a further set of experiments was carried out in an attempt to 
determine the strain velocity characteristic for the same. initial 
extensions but at different strain rates. The modificati·on in strain 
rate was achieved by loading the free end of the rubber strip with 
a small metal rider so as to increase the inertia of the free end. 
Fig. 6.16 shows an oscilloscope record for a retraction from A. = 3.3 
1 
with a rider mass of 1.8 gm attached to the specimen, and Fig. 6.17 
shows the derived strain-time curves. Two differences· are obvious 
when compared to free retraction from the· same value of A .• Firstly, 
1 
the additional inertia results in the broadening of the unloading 
wave from about 2 msec. in the free retraction to about 6 msec. in 
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this case. Secondly, the maximum unloading rate is hereabout 
3 -1 3 -1 
0.4 x 10 s as compared to about 5 x 10 s , a reduction of a 
factor of 10. 
The effect of attaching different masses to a particular 
value of· A. is shmm in Fig. 6.18, where the increased inertia 
~ 
lowers the velocity of propagation of the strain components, but 
the characteristic of the strain-velocity distribution remains 
essentially the same. The leading edge of the wave seems to be 
little affected by the increased inertia, however. This is also 
seen in Fig. 6.19 where the curves for three different values of 
A., together with their respective curves when load with an 
1 
average mass of· about 1.7 gm are shown. In the three cases shown, 
the reduction of the strain rate in the constant-velocity region 
is accompanied by a corresponding decrease in the value of the 
constant velocity by about 5 - 10%. Fig. 6.20 shows a plot of 
the constant strain velocity against .the corresponding strain rate. 
The apparently linear relation for more values of strain rate 1n 
the first set of experiments (free retractions) would appear to 
be due to the fact that the strain rate is determined under the 
specific condition of release; however, the effect of strain rate 
on the observed dynamic behaviour needs to be carefully examined 
by more refined experiments before.any quantitative conclusions 
can be made. 
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6.3 STRESS-STRAIN RELATIONS 
6.3.1 Strain Velocity Derived from 'quasistatic' Stress-Strain 
Curves· 
The strain velocity at a particular value of strain can be 
calculated from the slope of the stress-strain curve using the 
relation (5.12). The set of 'quasistatic' characteristics of. the 
specimen obtained from an Instron testing machine is shown in 
Fig. 6.21. The rate of extension and retraction in these curves 
-1 
is of the order 0.1 s • The strain velocity at each extension 
1S derived from these curves using·Equation (5.12) by drawing 
tangents to the curve and carrying out a simple numerical integration 
based on a 0.25 extension ratio interval. The resulting strain 
velocity strain curves are displayed in Fig. 6.22 where, for 
comparison, the experimental dynamic curves are also shown. While. 
the quasistatic curves exhibit some similarity to the experimental· 
curves, they do not show a constant velocity region and the maximum 
velocity for each initial extension ratio is well below that 
determined experimentally. Besides the velocities at small strains 
tend to increase with decrease in strain for the quasistatic case, 
while this was not consistently observed experimentally; on the 
contrary, in most cases the velocities for small strains tend to 
decrease for the latter case. 
6.3.2 Stress-Strain Relations for Dynamic Retraction 
The expression (5.12) may also be used to determine the values 
of dT/dA from·the experimental values of vA so that the T - A curves 
may be deduced. Values of dT/dA are found by substitution and 
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subsequent numerical approximation and the curve of dTjdA -. A 
is then integrated to give values of T. The results are displayed 
in Fig. 6.23. The experimental records of strain-time are incomplete 
at low values of strain and no indication is therefore available 
of the residual strain after rapid retraction. Mason (1963) 
found that the residual strain in natural rubber increased 
continuously from 5% for retraction from 20% to 23% for retraction 
from 480%. Residual strains· of this order have been confirmed 
in the photographic study and similar values have been assumed in 
arriving at the stress-strain characteristics of Fig. 6.23. The 
figure shows the appropriate quasistatic stress-strain curve on 
extension (dotted line) so that a complete stress-strain history 
for a slow extension, a pause at constant extension, followed by 
a rapid retraction is displayed. 
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6.4 DISCUSSION 
In dynamic retraction the behaviour does not follow the 
static behaviour, reflecting the presence of viscoelastic effects 
in the time of observation. Indeed one can conclude that since 
there is no tendency for shock wave formation in the retracting 
pulse, the dynamic stress-strain curve, unlike the static curve, 
must be convex to the strain axis. It should be noted that in 
deriving the stress-strain curves (Fig. 6.23) from the strain-
velocity distributions the initial and final point on each curve 
is predetermined since they correspond to (i) the initial tension 
and initial extension and (ii) assumed final extension at zero 
tension. From the strain~velocity distributions it can be seen 
that dispersion occurs for A. > 3.7 and the effect on the stress-
1 
strain curves is to produce regions of constant slope up to 
A = 3.7 and a· gradually increasing slope between A = 3.7 and the 
initial extension ratio A .• The constant slope region for a 
1 
given initial extension ratio indicates a uniform recovery during 
that period. Thus retractions from A. = 4.6 and A. = 5~2 have 
1 1 
taken place from an initial state of 'high' extension. The initial 
slope of the stress-strain curve indicates a low initial strain 
recovery and this is followed by a uniform slope indicating.a 
subsequent uniform recovery. The times of retraction for A; = 5.2 
1 
vary from less than 1 msec. to a maximum of 5 mesec. during the 
propagation of the retraction pulse. 
An indication of the time scale of this recovery process is 
provided by the behaviour of the strain-velocity distributions at 
the final stages of retraction. It appears that those retractions 
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of shorter durations (i.e. less than 1.5 msec.) have a tendency 
to show a delayed recovery in that the slope of the stress-strain 
curve reduces at the origin. This is not shown in Fig. 6.23 
due to overcrowding at the origin but is best indicated by the 
strain-velocity distribution curves of Fig. 6.19 corresponding to 
loaded and unloaded ends of a strip. The time of retraction has 
been modified in these three cases from about 1 msec. to 6 msec. 
The effect is shown by the turn down in the strain velocity at low 
extension and the effect on the stress-strain curve is indicated 
in the inset of Fig. 6.19. Thus a fast retraction (1 msec.) 
results in a large residual strain while a slower retraction (6 msec.) 
has allowed the strain to recover completely during the period of 
retraction. The strain-time records are, as has been stated, not 
very reliable near the end of the retraction process and any 
quantitative conclusion about processes in this region may be 
misleading. Perhaps the best indication that dynamic behaviour 
cannot be predicted from the static curve is provided by Fig. 6.24 
where the derived load-extension curve for retraction from A. = 4.6 
1 
is compared with the one obtained quasistatically. The quasistatic 
curve which corresponds to behaviour at longer times shows more 
strain recovery than the dynamic curve which corresponds to the 
short-time behaviour. 
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2 
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Fig.6.24 Comparison of dynamic and quasistatic force-extension 
relations for .xL =4·6 
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6.5 ERROR APPRAISAL 
An estimation of the probable magnitude of errors involved 
ln the evaluation of eA~erimental values of strain and velocity 
is appropriate at this juncture. The incompressibility relation 
used in the calculation for values of axial strain is A 2 = (w /w) . 
o 
Although the specimen strips are cut with a die, w still has a 
o 
standard deviation of about 1% from its mean value calculated 
from measurements of the width at twenty positions along the 
length of the specimen. This introduces an error of the order of 
2 
about 2% in the strain evaluation due to the square term w 
o 
The error in w is more difficult to assess. The calibration 
curves for the optical systems are linear to a high degree of 
accuracy and will introduce error of no more than 1% at the most. 
Measurement of w. is undertaken with a cathetometcr and is 
1 ' 
assumed accurate to better than 1%. Because of the large strain 
rate involved, measurements of time is critical and the biggest 
error probably Comes from the uncertainty of the arrival of the 
pulse at the optical stations due to the very small initial fall 
of signal. A maximum error of about 5 - 10% is therefore the 
estimate that may occur in the strain and strain velocity. 
- -----------
CHAPTER· 7 
DIRECT MEASUREMENT OF UNLOADING 
STRESS-STRAIN RELATIONS 
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7.1 DIRECT FORCE-EXTENSION RELATION 
If the stress variation in the unloading '''ave during retraction 
is determined at the same point in the material where the strain 
variation is measured, the stress-strain relation for the dynamic 
retraction may be obtained. This may then be compared with the 
load-extension relations derived from theory, as discussed-in- the 
previous chapter. 
7.1.1 Stress Measurement 
In the dynamic retraction experiment the measurement of stress 
can only be made at the_ fixed end of the specimen. A piezoelectric 
crystal of lead zirconate titanate, is used to measure the stress 
variation in the unloading wave and is in the form of-a ring with 
dimensions of outer diameter 14 mm, inner diameter 8 mm, and 1 mm 
thick. The direction of polarization is given by the manufacturer 
to be normal to the faces. The crys tal is incorporated as shmm 
~n Fig. 7.1. The specimen is held in a clamp which passes through 
a hole ~n the end-piece and the crystal is sandwiched between the 
brass washer and the end-piece. The surfaces of the crystal are 
coated with a silver conducting film and the surfaces of both the 
end-piece and washer in contact with the crystal are polished to 
a high degree of flatness to ensure good contact. The_crystal 
and washer are insulated from the axial rod by a rubber sleeve 
to prevent short-circuiting the crystal faces. The nut holds the 
washer and crystal in compression when the specimen is extended. 
The stress across the crystal develops a signal which is fed to 
the oscilloscope via a source follower. 
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The circuit diagram of the source follm.er is given in 
Fig. 7.2, and has a gain of 0.9 beb.een the input and output 
signals. The charge density developed across the crystal faces 
on stressing is applied across a 0.1 ~f capacitor. For a given 
force, the charge density may be calculated using the quoted 
'piezoelectric charge constant' d for the particular geometry 
of the crystal. The definition of d is 
d = charge density developed 
applied mechanical stress 
Calibration of the crystal is carried out ~n simulation of 
(7.1) 
experimental condition by loading and unloading of weights up to 
5 kg. The specimen is replaced by a steel wire carrying a light 
pan and passes over a pulley so that weights hanging vertically 
produces a horizontal force on the crystal. The pulley is lubricated 
to minimise friction and the calibration procedure is as follows: 
Weights are loaded statically in steps of 0.5 kg and when the 
oscilloscope trace is steady, the weight is lifted off as rapidly 
as possible, producing a signal magnitude corresponding to the 
force produced by the weight. The procedure is repeated for load 
decreasing. in steps of 0.5 kg and Fig. 7.3 shows t"o calibration 
curves for the same crystal, each being the mean for weight de~reasing 
and increasing. Although both curves are linear and pass through 
the origin, they should be identical curves but are not. Besides, 
the magnitude of signal output corresponding to each weight is 
20 - 30% lower than that expected from a gain of 0.9 and calculated 
with the expression for d. The inconsistency ~s probably due to 
two factors, the friction at the pulley and the unnecessary large 
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clearance between the crystal and the axial rod such that part 
of the crystal may not be in contact with the end-piece surface, 
causing a non-uniform distribution of st.ess over the crystal 
faces. A vertical mode of calibration without the need for a pulley 
and together with a larger axial rod produce better consistency. 
The observed signal for each load is also no more than 5% below 
that expected. 
Three consecutive retractions for each initial extension ratio 
of 3, 4 and 5 produce the records of Fig. 7.4(a), (b) and (c). 
Two records for each initial extension ratio are shown and the 
consistency of the stress pulses seem good. The dispersion of the 
unloading pulse is also obvious from these records. 
7.1. 2 Experimental Procedure 
The method of obtaining direct load-extension relations for 
the retractions is to match the stress-time relation at the fixed· 
end of the specimen with the strain-time relation measured at the 
same position. The strain-time relation ~s obtained by extrapolation 
of the records at two optical stations away from the fixed end by. 
the method described previously. Six retractions for each value 
of Ai ·= 2, 3 and 5.",ere carried out and Figs. 7.5(a)., (b), (c) 
show a typical record for each extension. The upper two traces 
of each record are strain traces while the bottom ones are the stress 
traces. 
Analyses were carried out for the cases of retractions from 
A. = 2 and 3 and the stress-strain relations for unloading are 
~ 
shmm in Figs. 7.6 and 7.7 respectively. The stress is the 
(c) .A~= 3·0 
Sweep: I·Omsec/cm 
iil:! 
., 
-~ 
(b) .>':,=4·0 
~-t-·- -,-,-,-- ~~ ! 
I 
t 
! 
: t I I 
Sweep: 1·0 msec/cm 
!I 
ii::!!! It!! 
ill! iiiiiiii iiii 
!I!!! .+ 
• • 
t ., 
(c) Ai.=5·0 
Sweep: 2.0msec/cm 
Fig.7.4 Stress pulses 
(a) ,A.= 2·0 
Sweep: I·Omsec/cm 
(b) .Al=3·0 
Sweep: 
upper traces, 
I·Omseclcm 
lower trace, 
0.5msec/cm 
DELAY: 5.5 msec 
(e)~. = 5·0 
Sweep: 2·0msec/cm 
DELAY: 1·3msec 
II 
Il! 
I 
l1l:I. 
I 
. 
• I 
I 
-
Fig.7.5 Stress and strain pulses 
~ 
RI! 
I 
! 
I I I I 
Nominal stress 
5 kg cm-~ 
4 
3 
2 
q.~~~~~~~ __ L-__ ~~ __ ~ __ ~I.~ __ -L ____ ~ 
Extension ratio ). 
Fig.7.6 Dynamic force-extension relation for ~,:=. 2 
(1/ 
I 
E 
u 
O'l 
6 
'::4 
.<11 
<11 
. C>I . 
L. 
.... 
<11 
o 
c 
E 
o 
Z2 
OL.-__________ ~~~~~~---L--~L-------~----------~ 
1·6 2 2-4 2·6 3·2 
Extension ratio .A 
Fig.77 Dynamic force - extension relation for A.,,3 
~ q:"trapoh.h.d 
st .... in - ~ it1le: 
Fig 78 Uncertainty In time origin of recorded pulses 
115 
nominal stress, i.e. the force divided by the initial unstrained 
cross-sectional area, the thickness of the specimens being accurately 
measured by a travelling microscope. The inconsistency among the 
curves for each initial extension is obvious. 
Secondly, the max~mum stress values for the same initial 
extension are variable too, even though all the retractions were 
carried out under identical conditions and sufficient time (at 
least an hour) was allowed for recovery betHeen retractions using 
the same specimen. It can only be inferred that the attachment 
of the crystal is still not ideal. The method of obtaining the 
strain-time relation at the fixed end by extrapolation probably 
causes the largest error in the stress-strain relations. Because 
the initial drop of signal corresponding to the leading edge of 
the strain wave is very small, the location of this instant as 
time t = 0 is subjected to some uncertainty. This small uncertainty 
can cause a considerable error in the strain value due to the large 
strain rate ~n the pulse. The stress trace· also often shows some 
oscillation before the actual arrival of the unloading pulse and 
this is probably due to the action of release of the extended 
specimen where any vibration is transmitted to the crystal via. 
the base girder. Consequently, some uncertainty also occurs in 
locating the origin of time of the stress pulse on the oscilloscope 
record. Another feature of Figs. 7.6 and 7.7 is the relatively 
large.residual strain when the stress has fallen to zero. This 
is clearly not ~n accord wi th observed behaviour and knDlffi properties 
of this rubber. 
To illustrate hDl' uncertainties in locating the exact arrival 
point of the s train and s tress traces affect the stress-strain 
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relation, the follm,ing exercise was carried out. Assuming the 
aurves I and 2 of Fig. 7.8 are the strain curves and curve 3 the 
extrapolated one from curves I and 2, it is often observed that 
the zero point D of the extrapolated strain-time curve does not 
coincide with that of the observed stress-time C. The difference 
~t is of the order of ± 0.2 msec. The relations of Figs. 7.6 and 
7.7 were obtained by ignoring ~t, as this is caused by uncertainties 
in the exact positions of points A and B. However, the exact 
locations of A and B are more accurate than the location of the 
point C due to the mentioned oscillation in the latter curve. If 
D is taken as the more reliable point than C and the stress curve 
is taken to start at the point D, the stress-strain curves obtained 
are given in Figs. 7.9 and 7.10 for A. ~ 2 and 3 respectively. 
. 1 
These are vastly different from Figs. 7.6 and 7.7. The general 
conclusion is that the above method is not accurate enough for 
o~taining direct stress-strain curves. 
To avoid the necessity of extrapolation, the strain-time 
relation may be measured at the fixed end. The reason for not doing 
this in the first instance is that the non-uniform width of the end 
of the specimen in the extended position is not suitable for the 
method of monitoring the width variation during the passage of 
the pulse. More important is the question of reflection of the 
compressive unloading wave at the rubber-clamp interface which 
hitherto has not been mentioned. If there is any reflection present, 
the recorded curves at or near the fixed end will. not be the true 
curves but the effect of the resultant of the incident· and reflected· 
pulses. A simple experiment was set up to determine whether any 
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reflected pulse existed. Three optical stations were positioned 
along the specimen such that the third station is just 2 cm away 
from the fixed end. The strain-time relations obtained are shown 
in Fig. 7.11, together with the extrapolated curve at the third 
station. There appears to be 'Some indication of a reflected pulse 
as the observed and extrapolated curves at the third station do 
not coincide. Repetitions confirm this observation and further 
experiments were performed to determine the nature of this reflected 
pulse. 
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7.2 REFLECTION OF UNLOADING HAVE 
7.2.1 Theoretical Background 
The theory of propagation of stress waves ln elastic media 
reveals that whenever a wave impinges on the boundary between two 
media, a fraction of the energy of the incident wave is reflected 
and the remainder trw~smitted into the second medium. If Zl and 
Z2 are the acoustic impedances (Z = pc, where c is the velocity 
of propagation of the wave in a medium of density p) of the two 
media, and if an elastic wave in medium one impinges normally on 
the boundary beD,een the two media, the amplitude of the reflected 
wave is given by 
A . A. [ Z2 Zl ] = 
r 1 Z2 + Zl 
(7.2) 
and that of the transmitted wave given by 
At = A. ( 2Z1 J 1 Z2 + Zl 
where A., A , and A are the incident, reflected, and· transmitted 
1 r t 
amplitudes respectively. In general if Zl = Z2' no reflected wave 
is observed for normal incidence. \fuen both media are elasti"c the' 
transmitted pulse is of the same shape and same sign as the incident 
pulse, while the reflected pulse is always of the same shape, but is 
of the same sign only when the second medium has a higher acoustic 
impedance than the first. If it has a lower acoustic impedance 
there is a change of sign on reflectioa, and an incident tensile 
pulse produces a reflected compressional pulse and vice versa. 
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This is clearly seen from expression (7.2). 1f·Z2 > Zl' then 
Ar has the same sign as Ai ; if Z2 <Zl' Ar has opposite sign 
to A .• 
1. 
~~en one or both of the media are viscoe1astic the situation 
1.S no longer simple; the shapes of both the reflected and trartsmitted 
pulses differ from each other, and also from the incident pulse. 
The accoustic impedances are no« complex quanti ties and functions 
of the frequency for a sinusoidal wave; and in order to d~termine 
the shapes of the reflected and transmitted pulses, the incident 
pulse must be expressed as a Fourier integral, and the refle.ction 
of each individual Fourier component. mus t be considered separately. 
The amplitudes of the reflected and transmitted components vary 
with frequency, and these components are no longer in phase with 
each other or with the phase of the incident component. 
Ko1sky (1972) considers an infinite train of sinusoidal waves 
of angular frequency w [u = A exp i (wt - kx) ] and shows that 
the reflection coefficient R, which is the ratio of A lA., is given 
r 1. 
by 
R = 
Z2 (w) - Zl (w) 
Z2 (w) + Zl (w) (7.4) 
as in the elastic case but in this case the acoustic impedance Z 
* * is complex and given by Z = E k/w, where E = E' + iE" and 
k = wlc - ia, a being the attenuation constant and is given by 
a = wlc (tan 0). 0 is the angle by which the strain· lags behind 
the s tress and 1.S defined by tan .0 = E' , lE', as previous ly. 
Equation (7.4) 1.S based on that of Moffett (1971),.who carried out 
some experimental work on this phenomenon by propagating longitudinal 
stress pulses along a system of two rods of polystyrene and polyvinyl 
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chloride in end-to-end contact; but essentially the same treatment 
was used by Kolsky and Lee (1962) in a theoretical study of the 
problem. 
In carrying out the computations Kolsky and Lee (1962) used 
* an approximate relation for E as a function of w, and this relation 
applies if 0 is assumed constant, i.e. independent of frequency. 
The relation used is 
* E (w) 
which leads to 
c(w) = 
* E (w ) 
.0 
c(w ) 
o 
In (~ )] 
o 
tan o J In 
IT 
* * 
(7.5) 
(7.6) 
where E (w ) and c(w ) are the values of E and c at some reference 
o 0 
frequency w. This relation is found to be satisfactory for 
o 
materials at temperatures remote from the glass-rubber transition, 
where the assumption of constant 0 is valid. Kolsky and Lee (1962) 
have shown that when the .acoustic impedances of the two media are 
widely different, and the viscoelastic effects are comparatively 
small (i.e. viscoelastic losses reasonably small),· the incident·, 
reflected and transmitted pulses have all much the same shape. 
When however the values of Z lie close to each other and are changing 
with w at vastly different rates the shapes can differ widely. The 
most marked effect occurs when the values of Z cross over at some 
frequency wc' so that Z2 - Zl has one sign on one side of this 
cross-over frequency and the opposite sign on the other side of w • 
c 
This has been called the 'cross-over effect', the main feature being 
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a d - c pulse being reflected as a s-shaped pulse as shown in 
Fig. 7.12 where a pulse travelling in an elastic solid is reflected 
at the boundary with a viscoelas tic solid. The converse case· of 
a wave travelling in a viscoelastic solid and impinging on the 
boundary with an elastic solid will produce similar results for 
appropriate values of Z. 
Moffett (1971) verified the cross-over effect experimentally 
and found that for the materials used a cross-over frequency occurs 
in the acoustic range at ordinary temperatures. By varying the 
temperature he was able to span the cross-over frequency over a 
wide range. 
7.2.2 Experimental Studies 
A series of experiments was performed to confirm the existance 
of a reflected pulse at the fixed end of the specimen during retraction 
and to determine the nature of this reflected pulse in so far as to· 
how it will affect the stress and strain pulses recorded at the 
fixed end. As has been observed with the natural rubber specimen 
used, for finite waves of initial extension less than about 250%, 
the material behaves in.an elastic manner in the sense that the 
unloading wave suffers no dispersion. Thus it appears that, for 
unloading at least, the nature of the reflected pulse may be 
predicted. from the theory for reflection of waves in elastic media. 
In this case, due to the large difference bet<veen the acoustic 
impedances of the fixed clamp (made of steel) and the rubber, the 
compressive unloading pulse is expected to be reflected as a .pulse 
of compression "ith a reflection coefficient close to unity, for the 
cases of A.'s where the material appears to behave elastically. 
1 
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122 
Two optical stations, one 2 cm and the other 12 cm away 
from the fixed clamp, were posi tioned and three retractions from 
A. = 3 carried out, the more remote station being moved to a 
~ 
different position each time. A typical record, Fig. 7.13, shmls 
the pulse ·recorded near the end (top trace) to be different from 
that recorded further away where the reflected pulse,·if any, has 
insufficient time to reach it. A further retraction with an 
additional optical station away from the end produces the record 
of Fig. 7.14, where the pulse maintains its shape through the first 
two stations but is modified at the end, indicating some form of 
reflection effects. To see if the reflection occurs mainly· at the 
clamp-specimen interf ace, the clamp ,;as removed and the end. of the 
specimen enclosed in a light metal foil and attached to the end-
piece as in Fig. 7.15(a). As Fig. i.15(b) shows, there is still 
some difference between the two recorded pulses but less markedly. 
Next the rubber strip was bonded directly to the fixed end-
piece with an adhesive, as in Fig. 7.16(a). Fig. 7.16(b) shows 
the recorded traces at. s.tations SI and S2 for retraction from 
A. = 3. The two pulses are plotted on the same scale in Fig. 7.17 
~ 
,.;here ABC is the observed curve at Sl and LMN that at S2. For this 
case of A., it has already been shown that the pulse retains its 
. ~ 
shape throughout the propagation, and the curve ABC will therefore 
represent the true strain curve at· S2 if it has not been affected 
by the reflected pulse. What is attempted in Fig. 7.17 is to see 
if total reflection of the pulse ABC ,.;ill produce the curve UlN. 
From the wave front speed determined from the transit time between 
the two stations, the time taken for the pulse to travel from S2 
to the end-piece and back is calculated. The leading edge is 
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-1 61.1 ms 1.n this case and the posi tion of the reflected pulse 
in relation to the incident pulse at 82 (taken as curve ABC) is 
shown as curve XY. The whole pulse is assumed to travel with the 
velocity 61.1 ms-I and this is valid for A. = 3. If the compressive 1. 
pulse XY is added to the ineident pulse ABC, the resultant curve 
is;ABZ, which is extremely close to curve LMN. The slight difference 
may be attributed to the finite difference between the acoustic 
impedances of the rubber and steel and therefore the reflection 
coefficient is slightly less than unity. Also, the leading edge 
tends to travel with a velocity slightly higher than the rest of 
the. pulse and if this is so, the curve A'Y will s lightly be 
broadened. Nevertheless, the exercise reveals the nature of the 
reflected pulse to be compressive and the reflection coefficient to 
be almost unity, in accord with the theory of reflection in infinite 
elastic media. The analysis was repeated with retraction from 
A. = 2 and observations were similar to the above. For the case 1. 
where the wave disperses as it propagates, the reflective pulse 1.S 
harder to predict as each component of strain travels with a 
different velocity. In this case the specimen no longer behaves 
elastically and treatment of the deflection problem is no longer. 
simple, as discussed in section 7.2.1. 
The presence of the reflected pulse makes it difficult to 
determine directly the stress-strain relation for dynamic retraction. 
The· possibili ty of sandwiching a tiny crystal between two halves 
of the specimen seemed a reasonable proposition .for avoiding the 
question of reflection if the dimension of the ·crystal is small 
compared to the length of the pulse. This idea is beset ,,,i th 
experimental difficulties such as obtaining a good bond between 
the crystal and specimen and also the physical movement of crystal 
"hen. the specimen retracts. An aluminium piece (1 cm x 2 nm and 
1.5 mm thick) was used in place of the crystal and strain pulses 
recorded on both sides of it, Fig. 7.18, where xl' x2 are measured 
"ith the speClmen in extended position. The pulses are shOl<n in 
Fig. 7.19 and the actual curves plotted in Fig. 7.20. Comparison 
of the two traces shows some differences which should be absent if 
no reflection took·place at the rubber-aluminium interfaces. The 
sharp negative peak in the bottom trace of Fig. 7.19 corresponds 
to the aluminium piece traversing the optical slit. Further· 
retractions confirm the presence of slight reflection at the 
interfaces and the procedure "as not followed up "ith a crystal. 
The exis tence of the reflected "ave at the fixed end thus 
makes it difficult to obtain direct dynamic load-extension curves 
accurately and the idea was discontinued. 
• 
'. 
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CHAPTER 8 
RAPID EXTENSION OF RUBBER FILAr~ENTS 
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8.1 TENSILE INPACT 'ONPOLYHER FILAl'1ENTS 
The preceeding study on the retraction behaviour of a stretched 
rubber filament, although relatively simple in experimental execution, 
is necessarily limited in its versatility in the sense that the 
retraction is a 'natural' process dependent only on the initial 
deformation. For a more detailed investigation of the dynamic 
behaviour of polymers at high rates of deformation, methods employing 
the rapid extension of specimens are preferable to retractions, with 
two distinct advantages over the latter. Firstly, in tensile impacts 
the rate of deformation may be varied more easily by varying the 
impacting projectile speed, and secondly, effects of imposed static 
strains of various magnitudes may be studied. 
Tl;1e investigation of the behaviour of rubbers and textile 
filaments subjected to tensile impact has followed t<m approaches. 
The first has been the design ,and development of impact testing devices 
such as the drop.-weight, rotating flywheel, etc. types of machines 
for direct determination of the stress-strain behaviour of the 
material under constant rate of extension. In these devices the 
load is usually determined by transducers and the strain is calculated 
from the constant rate of deformation and the initial dimensions of 
the specimen. Have propagation in the specimen, sometimes 'mentioned, 
is not taken into account and the strain is therefore assumed uniform 
throughout the specimen at any instance of time. Results obtained 
using these tensile impact devices are useful in studying the 
dependence of ultimate properties such as tensile strength and breaking 
elongation on rate of deformation. Among such test devices of this 
kind are those of Villars (1950), Dannis (1963), Parker and Kemic 
(1963), Partrikeev, et. al. (1968), and Bowerman, et. al. (1974). 
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The second approach involves the analysis of the strain wave 
which propagates in filaments of the material subjected to 
longitudinal or transverse impact. The recording or observation 
method used in most cases involves high-speed photography of one 
form or another. This problem on the impact behaviour of textile 
yarns has been extensively studied by Schiefer and co-workers 
(1955, 1956), who extended von Karman's studies (1950) in stress-
strain wave propagation relationships to impacted yams. More 
recently, similar impact studies on rubber and textile filaments 
have been carried out by Smith, et. al. (1962, 1965, 1967). Hall 
(1961, 1963), Pilsworth and Hoge (1962, 1965), and Petterson, et. 
al. (1960 a, b). In these studies the strain wave is generated in 
the specimen by impact with a projectile with speed of the order 
-1 
of 50 - 150 ms • It is in this second category of investigation 
where wave propagation plays a dominant role in determining the 
behaviour of polymers subjected to impact that the development 
of a tensile impact device employing a gas gun for the rapid 
extension of rubber filaments is outlined below. Preliminary 
results obtained using an optical method of recording the loading 
-1 
wave are presented for impacts at average velocities of 71 ms 
-1 
and 105 ms on a natural rubber gum specimen. 
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8.2 THE GAS GUN 
• The basic feature determining the design of the gas gun 
apparatus for the rapid extension of a rubber strip is the method 
of recording the strain in the specimen due to the propagation of 
the extensiona1 wave. The method adopted was identical to that 
used in the retraction study, i.e. an optical method in which the 
strip width modulates the area of a light beam. A rapid longitudinal· 
extension demands a symmetrical axial impact on the free end of the 
strip. The principal difficulty to be overcome is thus to observe 
the strip width within the mechanical structure necessary to achieve 
the symmetrical axial impact. 
Fig. 8.1 shows the gas gun impact apparatus and Fig. 8.2 
is a photograph of it. A pressure vessel at one end contains 
compressed air (Nitrogen) fed in via a valve and is separated from 
two concentric cylindrical tubes by a me1enex diaphragm. A projectile 
in the form of a short cylinder rides in the annulus space between 
the tubes. The outer tube (' acceleration tube') a1101"s the projectile 
to accelerate from rest and achieve an almost constant velocity when 
it leaves the former, the projectile being driven by the expanding 
gas when the diaphragm ruptures. The projectile strikes a clamp 
holding the specimen and stretches it at constant velocity to break, 
finally ending up in a stop-box packed with saw-dust. 
8.2.1 Design·Requirements 
Several experimental requirements· determined the final features 
of the gas gun. To achieve speeds of the order of the wave speeds 
-1 
observed in retraction, a maximum speed of 200 ms was planned 
for the projectile. The pressure of the gas necessary to impart 
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this velocity to a 100 gm projectile was estimated by equating 
the work done by the gas in moving the projectile along the .,hole 
length of the acceleration tube to the gain of kinetic energy of 
the projectile. The maximum turned out to be of the order of 
5 2 8 atmospheres (8 x 10 N/m). The expansion of the gas into the 
acceleration tube will cause a drop in its pressure but this is 
small as the volume of the tube is only about 5% the volume of 
the pressure vessel . A stainless stee l cylinder was obtained for 
the pressure vessel and has dimensions 60 cm length, 30 cm 
diameter and wall thickness about 1 cm. The British Standards 
were referred to and the vessel was designed to withstand pressures 
much in excess of 10 atmospheres , the present maximum required . 
The acceleration tube , also of stainless steel , is 150 cm l ong , 
has outer diameter 6.35 cm and wall thickness 0 . 65 cm. It is 
highly polished 1n its inner surface to ensure a smooth ride for 
the projectile . 
The rubber strip , of dimensions 20 cm x 1 cm, is held in the 
mus of the inner tube which is 275 cm long and has an outer diameter. 
of 3 . 0 cm and wall thickness 0.3 cm. Three pairs of vertical slots 
of 1.6 cm x 0 . 2 cm were cut in the sides of the inner tube for the 
paths of the optical beams . The specimen is held inside this tube 
in the manner illustrated in Fig . 8 . 3, and the outer surface of the 
tube is also polished. The projectiles are made of PTFE 
(polytetrafluroethylene) machined to give a smooth finish . They 
are cylinders of 3 - 4 cm in length and weighs 100 - 120 gm each, 
Fig. 8.4. 
To absorb the energy of the projectile after it has extended 
the specimen to break, layers of a thick rubber (up to a total 
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/ r ~ inner tube 77////1/1///11 .. '//I//IIIII//IL 
/- -- n ~ i/ r- r [\,. '--
--- -~- 0 
11//11//11/11 '111/1111/1/// 
L I-' , 
specimen 
o 
----~II\" """"'" I"" , 01 
spring clamps 
Fig .S·3 Specimen attachment 
3-4cm > 
Fig.B.4 The projectile 
129 
thickness of 15 cm) were placed in the path of the projectile, 
and an aluminium cylinder placed behind these. On impact, the 
energy of the projectile is transferred to the aluminium cylinder 
which travels a short distance into the stop-box. In this way 
the projectile suffers no damage. 
The clamp holding the specimen which slides along grooves 
at the top and bottom of the inner tube is of aluminium and 
weighs about 8 gm. The other end of the specimen is held in a 
fixed clamp in the axis of the inner tube. 
8.2.2 The Optical System 
Since the rubber strip in this case is within the inner tube,· 
Fig. 8.5, the .optical system used for the retraction observation 
has to be modified. This arrange.ment is shown in Fig. 8.6 where 
a uniform image, 1.6 cm x 0.2 cm, of an optical slit. is produced 
at the axis of the inner tube and the specimen lies in the centre 
of this uniform image. variation of specimen width during extension 
~s thus recorded in a similar T,.'Jay as in retraction. 
8.2.3 Performance of the Gas·Gun 
The apparatus "as initially tested without the specimen and 
some vibration of the inner tube was observed during the passage 
of the projectile. A larger diameter inner tube was obtained so 
that longer slots could be cut in it to compensate for any vertical 
movement of the tube without interfering with the optical beams 
(see Fig. 8.5). 
The pressure at "hich each diaphragm thickness ruptures is 
measured with a pressure gauge attached to the pressure vessel. 
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The projectile velocity corresponding to each driving pressure 
(i.e. for each diaphragm thickness) is determined from the time 
of transit across two optical stations. In this case the first 
optical station serves to trigger the oscilloscope sweep during 
the passage of the projectile and no independent trigger system 
is necessary. 
Two problems were encountered '''hen the specimen was impacted. 
Firstly, because the inertia of the 'struck' clamp was not totally 
negligible, damage to the projectile often occurred and the remedy 
was to place a light aluminium disc in front of the clamp. 
Secondly, slippage of the· specimen from the clamp occurred quite 
frequently as well as tear at the clamp. 
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8.3 PRELIMINARY RESULTS 
Results have been obtained for the same specimen used in 
-1 
retraction for impacts at average velocities of 71 ms and 
105 ms -1 (corresponding to diaphragm thickness of 25).1 and 50\.1 
respectively). Four extensions were carried out with each diaphragm 
thickness and Figs. 8.7(a) and. (b) show typical records of these 
impacts. It should be mentioned that only in one or two impacts 
had the specimen being extended to break; in most cases it either 
slipped off or tore at the clamp, a difficulty mentioned earlier. 
Quite frequently, for example in Fig. 8.8, the strain tends 
to a plateau and this may be the constant strain region predicted 
by the van Karman theory (1950), but at this stage no significance 
is attached to this feature. The peaks in Fig. 8.9 probably 
corresponds to the slippage of the strip in this particular case. 
Figs. 8.10 and 8.11 give the strain velocity-strain distributions 
in the wave cause by extension, the mean curve being depicted with 
the spread in data for four shots. Quantitative accuracy is nowhere 
as good as possible with retraction data. In Fig'. 8.12 the strain 
velocity-'strain distribution for the same range of extension is 
plotted from the Instron loading curve for the material (Fig. 6.21). 
The expression for the velocity of the individual strain component 
is 
. 'fA (L dT ) dA 
m dA ' 1 0 
(8.1) 
where the symbols have their usual meanings. This quasistatic 
strain velocity-strain curve is calculated using expression (8.1) 
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by a simple numerical integration with an extension ratio interval 
of 0.25. Discussion of experimental observation ~s deferred till 
the next chapter. 
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8.4 IMPROVENENTS 
Experimentation so far with the gas gun indicates several 
possible improvements. ·In order to reduce the inertia of the 
clamp holding the specimen, two alternatives are available. 
Either the existing clamp system be retained and the projectile 
made more massive and be driven at the same velocity, in which 
case a higher driving pressure is needed; or, specimens in the 
form of small filaments be used so that clamps can be small and 
light. The latter alternative ,,,ill involve a different· recording 
method for observation of the extensional ,mve, possibly high-
speed photography. 
The optical systems are adequate but the alignment is critical 
for uniformity of the slit image at the specimen. Slippage of the 
specimen is a real problem and it is recommended for further impacts 
to cement the specimen to the clamp by an adhesive to prevent this. 
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8.5 RECOMNENDATION FOR FURTHER HORK IHTH THE GAS GUN 
The gas gun developed may now be used to investigate the strain 
rate dependency of the dynamic behaviour of both rubber and textile 
filaments by subjecting the specimen to different impact velocities. 
The theoretical impact velocity possible with the apparatus is well 
. -1 1n excess of 200 ms and thus provides a useful experimental method 
for investigating the viscoelastic behaviour of such materials at 
short time scales. The technique of observing the strain wave will 
of course need, to be modified in the case of the extension of a 
textile yarn and high-speed photographic' recording methods are a 
po'ssibility. The phenomenon of a critical velocity of impact at 
which the specimen breaks without a strain wave propagating in it 
may be examined for different polymeric materials. 
The effect of degree of orientation on the dynamic behaviour 
of rubbers may also be studied with the present set-up by imposing 
an initial static strain of any desired magnitude. By sufficiently 
imposing a high enough static strain it may be possible to generate 
tensile shock waves in these materials similar to those reported by 
Kolsky (1969, 1972). 
CHAPTER 9 
DISCUSSIONS AND CONCLUSION 
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9.1 DISCUSSION OF Ek~ERIMENTAL RESULTS 
The discussion of the experimental results for dynamic retraction 
and extension are presented separately. In the former the time 
scale is determined by the 'natural' process of retraction, while in 
extension the speed of impact determines the time scale, and this is 
thus variable at will. 
9.1.1 Retraction 
The general features of the retraction behaviour of the natural 
rubber specimen used in the present investigation have been presented, 
where the observed velocity of propagation of the strain components 
in the unloading '''aye is given in terms of the appropriate force-
extension relation j}:qn. (5 .12)J. It might be expected that a finite 
wave travelling in a rubber strip would be dispersed because 
(i) the equilibrium stress-strain relation is, in general, non-linear, 
(ii) there exists an internal viscosity, and 
(iii) at sufficiently high extensions structural losses occur as a 
result of the formation and destruction of crystallites. 
But as have been observed, in the dynamic retract ions from extensions 
below 250%, finite waves appear to propagate without dispersion in 
the specimen. This implies that the material behaves elastically, 
for dynamic retraction at least, during the experimental observation 
time of up to 10 msec. and that viscoelastic effects are negligible 
during the observation time. Because the release of the extended 
specimen was not instantaneous, the observed unloading wave is not 
a step-function one but has the shape of for example, Fig. 6.9(a). 
The observed shape of the unloading wave may also be the result of 
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viscoelastic effects occurring in the very short time between 
release and the earliest possible observation. During the 
experimental duration of retraction the velocity of each strain 
component remains constant throughout the propogation, thus giving 
a single strain velocity-strain distribution to characterize the 
propogation. This indicates that a·single stress-strain curve, 
which is derivable from the strain velocity-strain distribution, 
will suffice to describe the material behaviour during this period 
and that time-dependant effects are negl~gible. This is in spite 
of the fact that the strain rate ~n the unloading wave for any 
point of the material is variable and the stress-strain curve 
therefore has different strain rates at different points, with a 
maximum value of the order of 5 x 103 s-l. 
At initial extensions of over 250%, the dynamic retraction 
reveals the phenomenon of dispersion of the unloading "ave, as a 
result of disturbances of larger amplitudes travelling faster than 
smaller ones. However, each strain component again maintains its 
constant velocity throughout the period of experimental observation, 
leading to the conclusion that a single stress-strain curve suffices 
to characterize the behaviour of the material even though each point 
of the material is now subjected to a different unloading cycle with 
varying strain rates. Thus it appears that rate effects are 
negligible during the experimental observation duration of up to 
10 msec, leading to the conclusion that the dispersion of the pulse 
~s due to the fact that the appropriate force-extension relation is 
non-linear. However, it may well be that the pulse at the release 
point has been modified by the time it arrives at the first possible 
observation point. This interval would embrace times less than "'. 
1 msec and thus viscoelatic effects ·occurring in time less than 
1 msec are not observable. The existence of viscoelatic effects at 
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short times is best illustrated by Fig. 9.1 where the two dynamic 
curves correspond to free and 'loaded' retractions from the same 
initial extension of 260%. Each curve by the above argument 
characterizes the material behaviour during the observation period 
and their difference can be reconciled by the fact that the rider 
mass reduces the effective strain rate in the unloading wave by a 
factor of ten and hence, in the very short time region where rate 
effects are not negligible, different amounts of viscoelastic effects 
have occurred. This effect is observed for all initial e~tensions 
as illustrated by Fig. 6.19 and also by different 'loads' resulting· 
in different strain velocity-strain distributions for any extension, 
example Fig. 6.18. Thus it appears that while viscoelastic effects 
are negligible during the experimental observation time of up to 
10 mseCa, appreciable creep and stress relaxation have occurred in 
the very short time region of perhaps less than 1 msec. This 
observation is similar to that of Smith and Fernstermaker (1967) 
·on natural rubber strips subjected to transverse impact. By 
observing the distribution of strain in the specimen at different 
instances of time after impact, Smith and Fernstermaker compared 
the strain velocity-strain obtained experimentally with a.theoretical 
curve derived assuming von Karman's (1950) rate-independent theory. 
The fact that during the experimental time of 1 - 8 msec. after 
impact a single strain velocity-strain curve suffices to characterize 
the response led them to the conclusion that no appreciable 
viscoelastic effects were present during this period, and the 
difference between the experimental and theoretical curves could 
only be due to the occurrence of creep and stress relaxation in 
times shorter than 1 msec. This 1S best illustrated by Fig. 9.2 
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,,,here the stress-strain curves of Smith and Fernstermaker are 
plotted for the three different impact velocities. Each of the 
curves labelled I, 11 and III represents the behaviour during the 
observation time (1 8 msec.) and their divergence from each other 
at the lower values of strain is due to the occurrence of different 
amounts of creep and stress relaxation before 1 msec. due to the 
different rates of straining. Smith, Fernstermaker and Shouse (1965) 
in a similar work on textile yarns have reported the same behaviour, 
but the time scales were in the orders of microseconds in this case. 
Pilsworth (1962) in his study on longitudinal impact of natural 
rubber filaments have also indicated the exist.ence of creep at very 
short times. after impact. 
The behaviour at long times is represented by the quasistatic 
curve, e.g. in Fig. 9.1 for A. 
1 
3.6. The time taken for,this curve 
is about 104 times longer than for the dynamic one and viscoelastic 
effects are obviously appreciable. The relations between creep, 
stress relaxation, recovery, and hysteresis for times between 6 
seconds and 104 minutes, and longer have been well studied by Gent 
(1962). 
At the higher initial extensions crystallization is' expected to 
contribute to the observed behaviour, but it is not possible in the 
present investigation to discriminate between viscoelastic effects 
and that due to crystallization of the specimen. 
9.1.2 Extension 
The results presented for the rapid extension of a rubber strip 
are only preliminary ones at average impact valocities of 71 ms- l 
and 105 ms- l . The average strain velocity-strain distributions for 
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/ 
each of four impacts are given in Figs. 8.10 and 8.11. As seen in 
Fig. 8.12 the two mean curves may be assumed to be similar within / 
/ 
experimental errorS. Figs. 8.8 and'8.9 show the dispersion of the , I 
extensional wave and therefore each point of the material is 
subjected to different loading cycles at varying rates. This 
observation is in accord with the observation of Smith and Fernstermaker 
(1967), and the single stress-strain curve characterizing the 'dynamic 
behaviour of the material for the duration of experimental observation, 
is shown in Fig. 9.3. This dynamic curve is obtained from the average 
strain velocity-strain distribution for both impact velocities using 
the relation, (B.l). The strain rate in the loading wave is variable 
3 -1 
with a maximum of the order of 10 s and it may be inferred that 
up to the observation time of 7 msec. after impact, time-dependent 
effects are negligible, although appreciable crcep and stress relaxation 
may have occurred at very short times after impact. Further 
investigations at' higher velocities may confirm this fact. The 
behaviour at long times is again represented by the relatively slow 
Instron curve, Fig. 9.3, and appreciable viscoelastic effects are 
apparent. 
It should be appreciated that the present technique of observing 
the loading or unloading wave at'a fixed position along the specimen 
although having the distinct advantage of easier analyses over high-
speed photographic methods, has the shortcoming that observations are 
made on a wave which mayor may not have been subjected to viscoelastic 
effects which occur at short times after impact or release. Hhat the 
observation indicates is the presence or absence of viscoelastic 
effects during the experimental observation period. 
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9.2 CONCLUSION 
The viscoelastic properties of polymeric materials have been 
of interest for many years .. Much of the behaviour of natural rubber, 
the material used in the present study, is well understood. Until 
recently, however, only a limited amount of work has been carried 
out in which the material is strained rapidly. In the study of the 
response of polymers to stress, the principle of the equivalence of 
time and temperature has been useful. This principle permits (for 
example) creep curves obtained at widely different temperatures to 
be pieced together into a single master curve of strain as a function 
of the logarithm of time. From such a master curve, the response of 
a material occurring in the first few milliseconds after the application 
of a stress can be inferred from experimental data taken over a much 
longer time, but at a lower temperature. But predictions of short-
time behaviour based on the principle of equivalence of time and 
temperature.can only be accepted provisionally, and must as far as 
possible be validated by direct experiments in Hhich stresses are 
applied in the shortest practical time inte~lal. 
The dynamic behaviour of natural rubber under high rates of 
extension and retraction is vastly different from its quasistatic· 
or static behaviour due to the presence of viscoelastic effects 
such as creep and stress relaxation. The present work affords· a 
method of characterizing the material behaviour in the form of a 
4 -1 dynamic stress-strain relation for deformation rates up to 10 s 
It is observed that up to 7 msec. after extension and 10 msec. after 
retraction no viscoelastic effects are apparent but appreciable at 
very short times. Although responses of the order of time scale of 
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microseconds may be obtained by subjecting the material in 
ultrasonic vibrations, the technique has the limitation that the 
strains produced are extremely small. Moreover, the method of 
characterizing the result is different, in this case it is usually 
specified in t'erms of complex moduli. 
For dynamic retraction from extensions of no greater than 250% 
for this particular rubber, finite waves propagate in the material 
without dispersion, a phenomenon not observed in other materials. 
-1 -1 For impact at 71 ms and 105 ms the responses appear to be, 
similar, and further work at higher impact velocities may yield 
useful information regarding rate effects. 
Direct determination of the unloading stress-strain relation 
during dynamic retraction is not a feasible proposal due to the 
existence of the reflected wave. For the case of retractions 
where the material' behaves elastically, a total reflection of the 
unloading ,,,ave at ,the rubber-steel interface is observed. This 
is in accord with the prediction of theory. 
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